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Abstract: We show that the torsion module Tor/ (R/a, Hi(X )) is in a Serre subcategory for the bounded
below R-complex X. In addition, we prove the isomorphism Torf,t(R/a, X)= Torf(R/a, H(X )) in
some case. As an application, the Betti number of a complex X in a prime ideal p can be computed by
the Betti number of the local cohomology modules of X in p.

Key words: local cohomology; torsion functor; Serre subcategory; Betti number
CLC number: 0154.2 Document code: A Article ID: 2097 — 0137(2025)04 — 0109 - 06

Throughout this paper, R is a commutative Noetherian ring with non-zero identity. Let a be an ideal of R and
M a finitely generated R-module. Grothendieck(1962) conjectured that the module Hom R(R/a, Hi(M )) is finitely
generated for all i, where the H( M) is the i-th local cohomology of M with respect to a. Hartshorne(1970) gave a
counterexample which shows that this conjecture is false even when R is regular and he posed a question whether
Extf,-(,( Rla, H.(M )) is finitely generated for all i and j. Later, Melkersson proved that Exti(R/a, M) is finitely
generated for all i if and only if Tor*( R/a, M) is finitely generated for all i in Theorem 2. 1 (Melkersson,2005).
This motivates us to pose the following question which is a dual of the Hartshorne's question.

Question 1 If a is an ideal of R and M is a finitely generated R-module, when is

Tor_/R( Rla, Hi{(M ))
finitely generated for all i and j ?

Note that there are some attempts to study Tory(R/a, Hi(M)) in Asgharzadeh et al. (2010) and
Tor].R(R/a, Hi(M )) in Khashyarmanesh(2007). Recently, Dibaei et al. (2011) showed that, certain situation, the
torsion modules Torj"(R/a, HR(M)) are in a Serre subcategory S of the category of R-modules (i. e. the class of R-
modules which is closed under taking submodules, quotients, and extensions). Subsequently, Rahimpour Nasbi et
al. (2017) studied the torsion functors of generalized local cohomology modules in S and they presented some
upper bounds for the flat dimension and the Betti numbers of generalized local cohomology modules.

In this paper, we present some technical results (Lemma 1 and Theorem 1) which show that, certain

situations, the torsion module Tor/R(R/a, Hi(X )) is in S for the bounded below R-complex X. In addition, we
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prove the isomorphism Tor® (R/a,X) =T orf(R/a, H (X )) As an application, we show that the Betti number of

a complex X in a prime ideal p can be computed by the Betti number of the local cohomology modules of X in p.

1 Preliminary

We recall some notions and facts which we will need later. See (Tarrio et al, 1997; Foxby et al.,2001;
Christensen et al. ,2000).

Complexes. By an R-complex X we mean a sequence of R-modules

d;,, d, d,_,
...—>Xi+l—>Xl_—> Xi—l_)“.'

The derived category D(R) of the category of R-complexes is the category of R-complexes localized at the class
of all quasi-isomorphisms. An R-complex X is called bounded below (resp. bounded above) if H,(X) = 0 for
i < 0 (resp. i > 0). The full subcategories consisting of bounded below and bounded above R-complexes are
denoted by D*(R) and D'(R). By D'(R) we mean the full subcategory of D(R) consisting of complexes X with
H,(X) finitely generated R-modules for all i. For an R-complex X € D(R), the supremum and infimum of X are
defined by sup X = sup {i € Z|H,(X) # 0}and inf X = inf {i € Z|H,(X) # 0}, respectively.
Let X and Y be two R-complexes. For every i € Z,

Torf(X,Y)=H,(X ® LY).
We write Spec R for the set of prime ideals of R, set

V(a)={pe SpecR|a Cpl.
The support for X € D(R) is defined by uniting the corresponding set for the homology modules as follows:

SuppiX = UZSUPPRHL-(X) ={pe SpecR‘Xp #0}.

Local cohomology. Let M be an R-module. The a-torsion submodule of M is
I'(M)={me M| a’'m = 0 for some integer s } .

The association M — I" (M) extends to define a left exact additive functor on the category of R-complexes, its

right derived functor is denoted by RI”, (=), that can be computed by RI",(X) =~ I",(I), where X—>1 is a semi-
injective resolution of X. For each R-complex X and integer i, the i-th local cohomology of X with support in a is
the R-module

H,(X) = H_ (R (X)).

2 Main results and applications

In this section, ¢ denotes the arithmetic rank of the ideal a, so that there exist elements x,,:-+, x, of R such
that /a = (xl, e, ), also C(X) denotes the Cech complex of R-complex X with respect to x,,--+, x,. It is well

known that the i-th cohomology module of C(X) is isomorphic to the i-th local cohomology module H:( X ) of X
(see Theorem 3. 2 (Schenzel, 2003)).

Our results are based on the following lemma. We adopt the notation as in Rotman(2009).

Lemma 1 Let N be an R-module with Supp,N C V(a)and X € D*(R). Then there is a first quadrant spec-
tral sequence

E? = Tor®( N, H, (X)) = Tor®,,_ (N, X). (1)
,

prq-c

Proof Let F. be a free resolution of NV and consider the first quadrant bicomplex 7 = {C(F ® RX){WI}.

P
We denote the total complex of 7 by Tot(7 ). The first filtration has E* term the iterated homology H 'H” (T ).
By Theorem 3. 2 (Schenzel, 2003), we have

H(T) = H(C(F, @ X)) = Hoo(F, @ X) = F, @ (H(X).

P
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Hence
‘B2, = H(F. ® H. (X)) = Tor®( N, Hy (X)),

Psq

On the other hand, the second filtration has E” term the iterated homology H'H, (7 ). We have
HAT) = H(C(RY " ® F. @ X)= C(RY " ® i (F. @ ,X) = C(Torf(N.1) "

qp

Thus, again by Theorem 3. 2 (Schenzel,2003), we have
"E?, = H“‘I‘(C(Torf(N,X)).) = H. "(Tor’(N, X)).

Since Tor( N, X) is a-torsion for all ¢, we have

Torf(N,X) ifp =,

I 2 ~
" 0 ifp # c.
Therefore this spectral sequence collapses at the c-th column and so
H,. (Tot(7))="E>., . =Tok, _(NX)

which yields the assertion.

In the following theorem, we find some sufficient conditions for the torsion functors of local cohomology
modules of complexes in S.

Theorem 1 Let N be an R-module with Supp,N C V(a), and let X be in D*(R) and s > 0,¢ > inf X such
that

(i) Tor® (N, X)isin S.

(i) Tor® ., (N, H, (X)) isin Sforall 1 <i <t — infX.

(iii) Tor®,,_,(N, H,"(X) )isin Sforall 1 <i <.

Then Tor( N, H,(X) ) belongs to S.

Proof We may assume that  — inf X < ¢. Set u = ¢ — ¢ and consider the spectral sequence (1). If s = 0,
there exists a finite filtration
0=U"'"CU C .- CU" ™ =Torf(N,X)
such that U*/U* ™' = E7,_ foru = p + inf X. Letr > 2. Consider the differential

Pt = p
., o,

E, .., E,—E.,. =0
We obtain the following short exact sequence

0— Imd’

ru-r+l

—

r4
0w l;uu — 0.

Sinceu —r+ 1<u-1andE],_ ,, isasubquotient of E2,_ ., , and E?,_ ,, € S by the condition (ii), it follows
that Imd., _,,, € S for r > 2. By the condition (i), we have £}, = E;, = U’/U™" € S for r > 0. By using the
above sequence inductively, one has N @ H.(X) = E;, € S. The proof the case s = 1 is similar to that for s = 0.

Assume s > 2. Consider the following filtration
0=U"'CU' C.-CU ™ ™ =Tor* (N,X),

fors + u = p + inf X. Letr = 2. Consider the differential
A a,
- E:. u - E’

s—ru+r—1

where U?/U? ' = E*

ps+tu—p
EY

s+tru—-r+1
Since £7_,,,,_,=0forr=s+1and £, ,_,,, =0 for r 2 u + infX + 2, it follows from the conditions that

Imd;, ., .., andImd, arein Sforr > 2. Letr s+ 1. Then £]__,,,_, = 0. So we have a short exact sequence

0 Imd’ — E, > E' 0.

stru-r+1 Sy U

Since £', = E*, = U'/U' "' € Sforr > 0, it follows from that the above sequence that £'*' € S. Thus the follow-

S, $,10 RRY

ing exact sequence
0 — Imd; — Kerd!, > E'*'— 0

2s,u—r+1 S, u
e S, and the next exact sequence
0— Kerd,, ™ E:

b syl

s

implies Ker d;,

— Imd,, — 0

implies £°, € S. By repeating this process, we obtain
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Tor®(N,H\(X)) = E2, € S.
The proof is complete.

Corollary 1 LetXbein D'(R)and ¢ > inf X.

(i) If Tor®(R/a, X ) € Sand Tor®,, _ (R/a, Hi(X)) e Sforalli < 1, then R/a ® ;H.(X)isin S.

(ii) If Tor” , (R/a, X ) € Sand Tor®,,_(R/a,Hi(X)) e Sforalli < ¢, then Tor®( R/a, H,(X))is in S.

(iii) If Tor® , ,(R/a, X ) € S and Tor® ,,_(R/a,Hi(X)) e S for all i < 1, then R/a ® ,H.(X) e S if and only
if Torf( R/a, HL(X)) € S.

Assume that S is closed under taking direct limits. For any X € D'(R) () D'(R), we can define that
ts(a, X)=supfie Z|HD(X) ¢ S} by Corollary 4. 10 (Yang et al. ,2025). As an application of Corollary 1, we
bring the following result which is the non-finiteness on the top non-zero local cohomology modules for
complexes.

Corollary 2 Assume that S is closed under taking direct limits and X € D*(R) () D'(R). If ts(a, X) > 0,
then H-™)(X)/T is not finite for any submodule 7 of H«*"/( X ) with T € S. In particular, H**)( X) is not finite.

Proof Assume contrarily that HY*Y(X)/T is finite. Then there exists an integer j such that
a/(Htf(“"“(X)/T) =0; that is, o/H““(X)C 7. On the other hand, by Corollary 1, we have that
HS(X)/@HS (X ) is in S and so its quotient H<)(X)/T is in S. Therefore H***)(X) is in S which contra-
dicts the definition of ts(a, X ).

Proposition 1 Let a be an ideal of R and X e D*(R) such that Tor*( R/a,H.(X)) € S for all i and all j (re-
sp. fori < candallj). Then Tor/(R/a,X) e S foralli (resp. fori < c).

Proof We may assume that ¢ > inf X. Consider the spectral sequence (1). The hypothesis implies £, € S
for all p and all ¢ (resp. forinfX < ¢ < candallj). Foralli (resp. forinfX <

0=U"'CU"C - CU " =Tor*(Rla,X)

2
Pi=p

< ¢), there is a finite filtration

such that U"/U" " = E~

v, fori>p +infX. Since £

., 1s a subquotient of £

foralli — p (resp. forinfX < -
p <c),itfollowsthat £, e Sfori > p + inf X. A successive use of the short exact sequence
0O—>U'—>U -0 "'—0
implies Tor/(R/a,X) € S.
The following theorem reveals some sufficient conditions so that the isomorphism
Tor® (R/a, X) = Tor®( Rla, H,(X) )
holds.
Theorem 2 Let X be in D'(R)and s > 0,¢ > inf X such that
(i) Tor® . (R/a,X)=0forallinfX <i<tort+1<i<c+t
(i) Tor*_ ., (R/a,H (X)) =0forall 1 <i <t - infX.
(iii) Tor®,,_,(R/a, H," (X)) = O forall 1 <i<ec.
Then Tor!_(R/a, X ) = Tor*( Rla, H,(X)).
Proof We may assume that ¢ — inf X < ¢. Set u = ¢ — ¢ and consider the spectral sequence (1). There is a
finite filtration
0=U"'CU°C---CU*" "™ =Tor" (Rla, X)

such that U?/U" ™' = E~ fors + u = p + inf X. Letr > 2. Consider the differential

ps+u=p
d;

SO d,
E’ —>F —F

strnu-r+1 sou s—ru+r—1"

forr=2. AsE”

pstu-—p

2 —
ps+u-p

By conditions (ii) and (iii), we have £, ,_,,, =0 = E!
Tor*( R/a,H;*"*"(X)), we have U'/U""'=E

ps+u-p

U/U~ ' = E? and U"/U" ' = E* =0 fors+ 1<p<s+u-infX by conditions (i) and (ii), it follows that

Sl ps+u—p

0=U"'=--=0U"andU' = +- = U " =Tor* (R/a,X). So

is a subquotient of £

—rutr—1

=0 for 0<p<s—1 by conditions (i) and (iii), and
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Tor®(R/a, H\(X)) = E?, = E*, = U* = Tor® (R/a, X).

We get the isomorphism we seek.

Corollary 3 Let N be an R-module with Supp,N C V(a), and let X be in D*(R) and s = 0, > inf X such
that

(i) Tor® ,,(N,X)=0forallinfX <i<tort+1<i<c+t.

(i) Tor® . (N, H /(X)) = 0forall 1 <i<¢— infX.

(iii) Tor®,,_ (N, H,"(X)) = Oforall 1 <i<e.
Then Tor® (N, X) = Tor®( N, H,(X)).

Proof Since Supp;N C V(a), there is a finite filtration of submodules of N

0=N,EN,C---CN =N,

such that N,/N,_, = R/a for any 1 <i <r. By Theorem 2, we have Tor® (R/a,X) = Tor®( R/a, H,(X)). Since

i

there is the short exact sequence
0— N,— N, — N,IN, — 0,
such that Tor® (N, X) = Tor®(N,,H.(X)). Again, by the short exact sequence
0— N, — N, — N,/N, — 0,
one has Tor* (N,, X) = Torf(Nz,H‘u(X )). In the following, we reuse the short exact sequence
O0—N,_,—>N,—N,/N,_,—0,
then Tor® (N, X) = Tor®( N, H,(X)).
Corollary 4 Let Y be a bounded R-complex with Supp,Y C V(a), and let X be in D'(R) and s = sup Y, ¢ >
inf X such that
(i) Tor® ,, (Y,X)=0forallinfX <i<tort+1<i<c+t—-supl.
(i) Tor® ,, (Y, H, (X)) =0forall 1 <i<t-infX.
(iii) Tor®,,_ (Y, H,(X))=0forall 1 <i<c - supV.
Then Tor®, (Y, X) = Tor® (Y, H,(X)).
Proof Induction on sup Y —infY. If infY =supY =r, then Y =~ 3'H(Y). Since Corollary 3, one has
(Y, X) = Tor* (H(Y),X)=Tor® _ ,(Y,H,(X)). Now assume sup Y — inf ¥ > 0. There is a distin-

s—t

—sup¥

R
TOI'_V —t—supY

guished triangle
3w YI_L‘lp y(Y) —S Y=Y — Iwre leup y(Y)

d.y dyy-

inD(R), where Y =0 — Y, ,/Kerd >Y
TOI'_\,R, t = sup Y( ZSUP stup Y( Y ) > X) - Tor.sR t = sup )"( Y’ X) - TOI‘F* t = sup Y( Y, ’ X ) ’

- s

so that, by the inductive hypothesis, we have Tor® ,__ (Y, X) = Tor® (¥, H.(X)).

s s

>---. This induces exact sequence

sup ¥ sup ¥ - 1

For an R-complex X and m e Z, the m-th Betti number ﬁ,’,f(p,X ) of X is defined to be the dimension of the
R,/pR -vector space TorR(Rp/pRp, X, )

Corollary 5 Letp e V(a),X e D'(R)and s = 0,¢ > inf X such that
(i) Tor® ., (R/p,X)=0forallinfX <i<rtort+1<i<c+t

(i) Tor® ., (R/p,H (X)) =0forall 1 <i <t - infX.

(iii) Tor®,,_,(R/p,H (X)) = O forall 1 <i<ec.
Then 8" (p, X ) = B!(p, H,(X)).

Proof Since pe V(a) and Theorem 2, we have Tor® (R/p,X)= Tor®(R/p,H,(X)). Hence
Tor_fei,(Rp/pRp, Xp) = Torf“(R,,/pRp, H;(X)p) by Lemma 6. 1. 4 (Christensen et al. ,2006). According to the defini-

tion of Betti number of R-complex X, we have 8% (p, X ) = B%(p, H,(X) ).

For an R-complex X, the flat dimension fd, X is defined as
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fd, X =inf{neZ H a semiflat R-complex F such that F =~ X and F, = 0 for allv > n}.
Corollary 6 An equality
fd, X = sup{m ez |3 p € SpecR: B,’f(Rp/pRp,H;(X)p) # O} + 1.

Proof Follows from the Lemma 6. 1. 15 (Christensen et al. ,2006) and Corollary 5.
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