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Abstract: The central trinomial coefficient 7, denotes the coefficient of x" in the expansion of
(1 +x +4%)". We prove a congruence related to the sums of the central trinomial coefficient and the
central binomial coefficient, which was conjectured by Z.-W. Sun.
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Let y be any real number. Define the binomial coefficient

(y) =Dl =2)y-k+1)
k k!

For any n € N, the central trinomial coefficients are given by

. - 2%k
T, = [x ](l +x + xz) = zk:"(an)( A )
It is known that 7', has many combinatorial interpretations (http://oeis.org). For example, T, counts lattice paths
running from (0,0) to (n,0) with steps (1,1), (1,-1) and (1,0). By the formulae (3. 136) and (3. 137) in Gould

(1972), the numbers T, can also be written as
— n N _ “kln 2k
r=3 3 (n)(%). (0

Sun (2014) proved that, for any prime p > 3,
p-1 p-1
W2k (6 _k(4k)(2k):(p
;12 (k)TA__(p)]z{)M o =13 (modp ), (2)
where ( ) denotes the Legendre symbol. Recently, using combinatorial identities, Wang et al. (2024) obtained the
following supercongruence: for any prime p > 3,
p-1 p -1
[ 2k _|P 3 +3 2
;12 (k)Tk_<3) 1 (modp ), (3)
which is clearly an extension of (2). In this paper, we shall prove the following general result on 7', which was
proposed by Sun (2019).

Theorem 1 Let p > 3 be a prime and let m be a positive integer with p ¥ m. Then, for any positive inte-
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gerr,

(S e - 5)7S 3

It is easy to see that when m = r = 1, the supercongruence (4) reduces to (3). We mention that the second

3 T ..
(g)q"é ) .712":;_'_11 (modp ) (4)

author (2021) has already proved that the left-hand side of (4) with m = 1 is a p-adic integer.

1 Some lemmas

In order to prove Theorem 1, we need to establish the following lemmas.
Lemma 1(Beukers,1985) Let n be a nonnegative integer and let p be a prime. Let &, r be positive integers.

Then

) mod pz’).

\‘._.

j=lptj

(p’nk—l)E VJ (-1 H(l_np i

Lemma 2(Jacobsthal's binomial congruence) Let p be a prime. Then, for any nonnegative integers «a, b and

positive integers r, s, we have

(?Z) ( e ), (5)

For p = 5, the congruence (5) was also confirmed by Gessel (1983) and Granville (1997), respectively.
Lemma 3(Osburn et al. , 2016) Let p be a prime and let n an integer such that (p — 1) 4 n. Then, for all in-

tegers r = 0,

p-1

k=0 (modp’).
k=Lptk
If, additionally, n is even, then, for primes p > 5,
I";' 1
z -=0 (modp'). (6)
k=1,1))(kk
It is clear from (6) that
P-1
= 1 S (1 1
- = — + -[=0 (modp')
1:1;)Mk k=Lptk k (p’—k)

Lemma 4(supercongruence) Letp > 3 be a prime and let m be a positive integer such that p ¥ m. Let [ be

a nonnegative integer and s € Z". For any positive integer r, we have

s+l

! 2mp’ i mp o
H(l—. ) H (1 J) 4=’ (modp”z). (7)

j=lLptj J Jj=Lptj

Proof Clearly for any positive integer /, we get

SIS a0 ) )

I

and




104

sl R E R (A AR 9 30) 5% 64 %
It follows that
e 1 . pr-t
e (1 _mp’)_ H(l _mp’) 1 (1 _mp')
IEINYs, J IEINYS, J j=Lptj P+
2 Pl
Pl mp” m2p2r (p“‘/l 1) PlUst 3 ( mpr)
=1 Y - -
]':2,)‘“ J 2 f=§pl*.f] .f=ZpM]2 .f=1:)[*./ J
mp" — 1
(—1
, |2 . p p3+l _ 1
= H (1 _ mp )_ 2 (modp’”) (9)
r—1
j=lpti J mp -
p -1
2
1
By (9), the facts(n)(k) = (n)(n - l)and(zk) = 2 (-4)*, we obtain
AV L)\k =1 k i
T A
e 2mp " 2 m,
=2 I (-]
j=lptj J j=lpti J
mp" — 1
-1 2mp’
p )| =1\ mp
_ 2
mp ' -1
2mp"]
p‘ — 1 mpr—l
mp/‘ s+ 1 1
4""7 ! s+1 -1 (m’Pr - 2 )
2
_L
2 s -1
(mp'l _p 5 )p
p.§+1
r-1 - 2 - 1
g s+ 1
S e
mp 2
\. (mod p*2). (10)
i o
2 2
p-1 R Sl 0
> mp > 1
Observe that
H,_, 2q,(2) (modp)
2

(11)
With the help of (8) and (11), we have
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- -1
5
\+l_1 N
P T | L G W TR |
= 1 2=+ 3 pz' I+ I
r Smhets / =T J 7= , P tp
_P_ 5 B .
-1
mpr—l_p 5 -1
s+ 1
=1+p2 HQEl—p“'qp(z)(modp“z) (12)
2
and
_1
2 ps+1_] P ‘2-177] " % N
P P
s+l _ X 1= 1 - -
F ] priol /1;[*/( ])H p'l—p+.
2 2 B J
ERTE - Y
2 B 1"2*1’
: p-1 (=4)
p-1 >
2
l_ps+1[{u
= = L g, (2) (mod p ). (13)

(1 +pq,,(2))”\

The congruence (7) then easily follows from (10) and (12)-(13).

2 Proof of Theorem 1
Wang et al. (2024) showed that

S (= ()3 S5 () (14

k=0

Letp = 5 be a prime and m € Z" with p ¥ m. Takingn = mp’~'"/forj € {0,1} and r € Z" in (14) yields

-1
2wy S -»(Zk) (p) 1 -.(Zk)
Tl 127 T, -|= 127 T
(mp ( mp,._l )) (Z} k k 3 AZ(‘) k k
B 2mp" ! B 2mp’ QMPEI 1 (_1 ' mp" — 1 (2k)
- mp' ! mp | 4™ = 2k+1\ 3 k k
N S R R Y
(3)( mp'_l)4””"' 2 w1l Pk (1)

p—1
In light of Lemma 2. 2 (Zhang, 2021) and the fact that 3 *

1l
—_—

p-3

,_2,(21431)3'(21[)

2
1(—1)1+3p—4ﬂ_1(—1)1+3(1+pq,,(3))—4(1+pqp(2))
p\lp ) 4. 55 plp =

4.3 2
E(P)WS%(Z)(

3 ) modp). (16)

By Lemma 1 and Lemma 2, Lucas' theorem, (1) and (16), we obtain
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1 ph+1
3]

2pk + 21 + 1

r—1

mp

’ 2mp’) 1\
-1 , _ L1
ey 5 oy s o
4m k=0,p 4 (2k+1) k k)2k+1 4™ = =002t W\ Pkt pk +1

' = (zzl)
L) e

k=0

Tm)"‘— 3‘];(3) - 8Q>(2)
e R [ T U L)
. 1 e
where we have utilized the fact(zll) = O(mod p) forl e {p ; RN 1}. For any positive integer s, recall that
2mp) T 2mp -J (Zmp’_') K ( 2mp’)
2 . 1 -] (18)
( H mp”~! /'=1:)[*.f J
and
mp = 1 -1 mp -1 ,,~"1+7”\”2" .
s+ 1 =\ H 1 - M : (19)
v o1 N IR il N RS YY J
P 2 P 2
Since, for any positive integer s,
rep! 3
3 2 =(—|(modp),
[ (o)
we get

It follows that

-1\ 1 _(py 1 p) _rg,(3) vz
( » ) pp-1) _(3) ps+1q (3) _(3 (1 2 (mOdp ) (20)
3 1+ 2 0n
2

Note that

1),, - pl 1 1 » .

(_ _ = =1 _p.\+llq (3) (modp.wrz). (21)
3 Pl s+ 1 P
(1+pg,(3)" THra(3)

With the help of (8) and (11), we get

s+ 1 s+l _ 5 s _ )wa“'fl
S I e B o S G 22 )
;+]l+pa'+l_l - P sl_l_lf_l j=Lptj J
P 2 P 2
5 s S +p‘”—l R s p-1
E(_l) p'l+p -1 1_1 I+ =5 M E() 2l +p -1 - 5 b2+ 1)
P $ g j=lpti ] P s p‘_l = e p"*l_p )
pl+ 5 pl+72 p l+72 +
_1 20l +p* =1
E() oy |22+ 1g,(2)) (mod ). (22)
P p‘l+p 5

Combining (15), (18) - (22) and Lemma 4, we arrive at
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o5 4
ro_ s+ 1 s+1 _ —_

1 2 (Zmp’) mp' =1 by ! (3)

o mp s r ) \\»+1_1 s+1_1 21_;,_1
(Zm}z_l) 4" p\ mp" | o S PH]l"'pT p‘,-+1[+l)T
mp

(zmp’ ! pi b
2 r=1 _ s s J—

_(P) mp~! N R (3)

3) 4"L1)HPS t=0pr2+1)| s p -1 ; p-1 20+1

SOt gL+ '+
P 2 NP 2

p-1

P+ 3

r-1 _ s 5 _

=(p) ) mp 1 2p'l+p -1 ( 3)
13 Lop -1 op -1 20 + 1

4'"”'p'(z=o.1m(21+1) I+ P - v
P ) pt+ )
- l b
mp’ = 1 2mpr Pl mp’ » 1 P plt -
< T1 (1 - =5 ) 11 (1 - )(1 +2p (20 + l)ql,(Z))()(—) -4
JELpdi J J=pt) J 3 3
-1 _ 5 s _ Gy
p(49,(2) - 4,(3)) mp o 2eiep =1y gyt .
= C_1 N ey (modp ) (23)
Py 1=0p 72| sy P~ 5 P -
(3)4 p'l+ > p'l+ 5

Suppose that m=2mkpk with my,m, e{l,--,p = 1} and m, €{0,---,p - 1} for kef{l, -,
k=0

Substituting (17) and (23) into (15), we can prove by induction that, for any positive integer s,

| , 1(2k) -~ 1(2k)
w1 % Rvan] b

T -+ T,

) & o1kt (3) Z 12t

| 2mpT
mp’ ‘( -
mp
2(2mpr)
_ T, 3q,(3)-8q,(2) (p)p+ 1 atr=t mp’
12wt 8 3 2mp"” B 4'""’p“
mpr—l
1 p”l+pw]271
mp" — 1 20+ p -1 (—3)
s+ 1 _ 1 s+1 1 2[ + 1
1=0.p4(2+1) s+ll+p .s'+|l+p
P 2 P 2
2mprl) pl+
2 r=1 _ s s _—
P (mp" mp = L 2t pto ( 3) )
- g . 4"11)_] N p“' _ 1 p‘\- _ 1 2[ + 1 (modp ).
P 1=0,p4(20+1) ptl + 2 ptl + 2

Noting that

a-1}
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1

p(44,(2) - ¢,(3) & mp = 2= ( 1)’”“”\2
P ymp S=0 I=o0pt(2a+1)| s p -1 s p-1 3
(3 )4 pl+ pl+ 5
p(4q,(2) - qp(3))mp§1 mp = 1 (2k)( 1)" _ Ty 49,(2) = ¢,(3) (p)
(P)4m1r’ k=0 k 12'”')’4_1 4 3 P
3

By (1) and substituting (23) and (25) into (24), we arrive at (4). This concludes our proof of Theorem 1.

(25)
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