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Let y be any real number.  Define the binomial coefficient 

( )yk = y ( y - 1) ( y - 2)⋯( y - k + 1)
k! .

For any n ∈ N, the central trinomial coefficients are given by

Tn ≔ [ xn ] (1 + x + x2 ) n = ∑k = 0

ê
ë
êêêê ú

û
úúúún2  ( )n2k ( )2k

k .
It is known that Tn has many combinatorial interpretations (http：//oeis. org).  For example, Tn counts lattice paths 

running from (0,0) to (n,0) with steps (1,1), (1,-1) and (1,0).  By the formulae (3. 136) and (3. 137) in Gould 

(1972), the numbers Tn can also be written as

Tn = 3n∑
k = 0

n

( )-3 -k( )nk ( )2k
k  . （1）

Sun (2014) proved that, for any prime p > 3,

∑
k = 0

p - 1 12-k( )2k
k Tk ≡ ( 6

p )∑k = 0

p - 1 64-k( )4k2k ( )2k
k ≡ ( p3 )  (mod p )， （2）

where ( ⋅
⋅ ) denotes the Legendre symbol.  Recently, using combinatorial identities, Wang et al. (2024) obtained the 

following supercongruence: for any prime p > 3,

∑
k = 0

p - 1 12-k( )2k
k Tk ≡ ( p3 ) 3p - 1 + 3

4  (mod p2 )， （3）

which is clearly an extension of (2).  In this paper, we shall prove the following general result on Tn, which was 

proposed by Sun (2019).

Theorem 1 Let p > 3 be a prime and let m be a positive integer with p ∤ m.  Then, for any positive inte‐
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ger r,

( )mpr( )2mpr - 1

mpr - 1

-1( )∑
k = 0

mpr - 1 12-k( )2k
k Tk - ( )p3 ∑

k = 0

mpr - 1 - 1 12-k( )2k
k Tk ≡ ( )p3 qp( )3

8 ⋅ Tmpr - 1 - 1
12mpr - 1 - 1    ( )mod p . （4）

It is easy to see that when m = r = 1, the supercongruence (4) reduces to (3).  We mention that the second 

author (2021) has already proved that the left-hand side of (4) with m = 1 is a p-adic integer.

1　Some lemmas

In order to prove Theorem 1, we need to establish the following lemmas.

Lemma 1(Beukers,1985) Let n be a nonnegative integer and let p be a prime.  Let k, r be positive integers.  

Then

(prn - 1
k ) ≡
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p

( - 1) k - ê
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ú
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k
p (1 - npr ∑

j = 1，p ∤ j

k 1
j )   (mod p2r ) .

Lemma 2(Jacobsthal's binomial congruence) Let p be a prime.  Then, for any nonnegative integers a, b and 

positive integers r, s, we have

(prapsb ) ≡ (pr - 1a
ps - 1b ) (-1) psb - ps - 1b    (mod p2r + min { r，s } - δp，3 - 2δp，2 ) . （5）

For p ≥ 5, the congruence (5) was also confirmed by Gessel (1983) and Granville (1997), respectively.

Lemma 3(Osburn et al. , 2016) Let p be a prime and let n an integer such that ( p - 1) ∤ n.  Then, for all in‐

tegers r ≥ 0,

∑
k = 1，p ∤ k

pr - 1
kn ≡ 0  (mod pr ) .

If, additionally, n is even, then, for primes p > 5,

∑
k = 1，p ∤ k

pr - 1
2 1

kn
≡ 0  (mod pr ) . （6）

It is clear from (6) that

∑
k = 1，p ∤ k

pr - 1 1
kn

= ∑
k = 1，p ∤ k

pr - 1
2 ( )1

kn
+ 1

( )pr - k n ≡ 0  (mod pr ).

Lemma 4(supercongruence) Let p > 3 be a prime and let m be a positive integer such that p ∤ m.  Let l be 

a nonnegative integer and s ∈ Z+.  For any positive integer r, we have

∏
j = 1，p ∤ j

mpr - 1 ( )1 - 2mpr
j ∏

j = 1，p ∤ j

ps + 1 l + ps + 1 - 1
2 ( )1 - mpr

j ≡ 4mpr - mpr - 1   (mod ps + 2 ) . （7）

Proof Clearly for any positive integer l, we get

∑
j = 1，p ∤ j

ps + 1 l - 1 1
j = ∑

j = 0

l - 1  ∑ê

ë

ê
êê
ê ú

û

ú
úú
úk

ps + 1 = j，p ∤ k
1
k ≡ 0  ( )mod p2s + 2

（8）

and

∑
j = 1，p ∤ j

ps + 1 l - 1 1
j2

= ∑
j = 0

l - 1  ∑ê

ë

ê
êê
ê ú

û

ú
úú
úk

ps + 1 = j，p ∤ k
1
k2 ≡ 0  ( )mod ps + 1 .
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It follows that

∏
j = 1，p ∤ j

ps + 1 l + ps + 1 - 1
2 ( )1 - mpr

j = ∏
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ps + 1 l - 1 ( )1 - mpr
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Observe that

Hp - 1
2

≡ -2qp(2)  (mod p ) . （11）

With the help of (8) and (11), we have
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The congruence (7) then easily follows from (10) and (12)-(13).

2　Proof of Theorem 1

Wang et al. (2024) showed that

∑
k = 0

n - 1 12-k( )2k
k Tk = (2n

n ) 2n
4n ∑

k = 0

n - 1 1
2k + 1 ( )- 1

3
k( )n - 1

k ( )2k
k . （14）

Let p ≥ 5 be a prime and m ∈ Z+ with p ∤ m.  Taking n = mpr - 1 + j for j ∈ { 0,1 } and r ∈ Z+ in (14) yields

( )mpr - 1( )2mpr - 1

mpr - 1

-1( )∑
k = 0

mpr - 1 12-k( )2k
k Tk - ( )p3 ∑

k = 0

mpr - 1 - 1 12-k( )2k
k Tk

=    ( )2mpr - 1

mpr - 1

-1(( )2mpr
mpr

2p
4mpr ∑

k = 0

mpr - 1 1
2k + 1 ( )- 1

3
k( )mpr - 1

k ( )2k
k  

)-  ( )p3 ( )2mpr - 1

mpr - 1
2

4mpr - 1 ∑
k = 0

mpr - 1 - 1 1
2k + 1 ( )- 1

3
k( )mpr - 1 - 1

k ( )2k
k .                                                    (15)

In light of Lemma 2. 2 (Zhang, 2021) and the fact that 3p - 1
2 ≡ ( 3

p )  (mod p), we have

∑
l = 0

p - 3
2 1

( )2l + 1 3l ( )2l
l ≡ 1

p ( )-1
p

1 + 3p - 4p
4 ⋅ 3p - 1

2
= 1
p ( )-1

p
1 + 3( )1 + pqp( )3 - 4 ( )1 + pqp( )2 2

4 ⋅ 3p - 1
2

≡ ( )p3 3qp( )3 - 8qp( )2
4  ( )mod p .                        (16)

By Lemma 1 and Lemma 2, Lucas' theorem, (1) and (16), we obtain
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8 ⋅ ( )p3 p ( )mod p2 ，          (17)
where we have utilized the fact (2l
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2 ,⋯, p - 1 .  For any positive integer s, recall that
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With the help of (8) and (11), we get
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Combining (15), (18)–(22) and Lemma 4, we arrive at

106



第 4 期 ZHANG Wenbin, et al: A congruence related to central trinomial coefficients

     1
( )2mpr - 1

mpr - 1

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

2
4mpr ps ( )2mpr

mpr ∑
l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1
ps + 1 l + ps + 1 - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps + 1 l + ps + 1 - 1
ps + 1 l + ps + 1 - 1

2
( )- 1

3
ps + 1 l + ps + 1 - 1

2

2l + 1

ü

ý

þ

ï

ï
ïï
ï

ï

ï
ïï
ï
ï
ï

       -  ( )p3 .
2 ( )2mpr - 1

mpr - 1

4mpr - 1 ps ∑
l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1 - 1
ps l + ps - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps l + ps - 1
ps l + ps - 1

2
( )- 1

3
ps l + ps - 1

2

2l + 1

≡ ( )p3 2
4mpr ps ∑

l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1 - 1
ps l + ps - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps l + ps - 1
ps l + ps - 1

2
( )- 1

3
ps l + ps - 1

2

2l + 1

       ×  
ì

í

î

ïïïï

ïïïï
∏

j = 1，p ∤ j

mpr - 1 ( )1 - 2mpr
j ∏

j = 1，p ∤ j

ps + 1 l + ps + 1 - 1
2 ( )1 - mpr

j ( )1 + 2ps + 1( )2l + 1 qp( )2
ü
ý
þ

ïïïï

ïïïï( )p3 ( )- 1
3

ps + 1 l - ps l + ps + 1 - ps
2 - 4mpr - 1( )p - 1

≡ p ( )4qp( )2 - qp( )3
( )p3 4mpr - 1

∑
l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1 - 1
ps l + ps - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps l + ps - 1
ps l + ps - 1

2
( )- 1

3
ps l + ps - 1

2        ( )mod p2 .                       (23)

Suppose that m = ∑
k = 0

a

mk pk with m0, ma ∈ {1,⋯, p - 1} and mk ∈ { 0,⋯, p - 1} for k ∈ {1,…, a - 1}.  

Substituting (17) and (23) into (15), we can prove by induction that, for any positive integer s,

    1
mpr - 1( )2mpr - 1

mpr - 1

æ

è

ç

ç

ç
çç
ç
ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷∑
k = 0

mpr - 1 ( )2k
k

12k Tk - ( )p3 ∑
k = 0

mpr - 1 - 1 ( )2k
k

12k Tk

≡ Tmpr - 1 - 1
12mpr - 1 - 1 . 3qp( )3 - 8qp( )2

8 .( )p3 p + 1
( )2mpr - 1

mpr - 1

∑
s = 0

a + r - 1
ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

2 ( )2mpr
mpr

4mpr ps

    ⋅  ∑
l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1
ps + 1 l + ps + 1 - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps + 1 l + ps + 1 - 1
ps + 1 l + ps + 1 - 1

2
( )- 1

3
ps + 1 l + ps + 1 - 1

2

2l + 1

    -  ( )p3 .
2 ( )2mpr - 1

mpr - 1

4mpr - 1 ps ∑
l = 0，p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1 - 1
ps l + ps - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps l + ps - 1
ps l + ps - 1

2

ü

ý

þ

ï

ï
ïï
ï

ï

ï
ïï
ï
ï
ï

( )- 1
3

ps l + ps - 1
2

2l + 1   ( )mod p2 .  (24)

Noting that
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 p ( )4qp( )2 - qp( )3
( )p3 4mpr - 1

∑
s = 0

a + r - 1 ∑
l = 0,p ∤ ( )2l + 1

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷mpr - 1 - 1
ps l + ps - 1

2

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷2ps l + ps - 1
ps l + ps - 1

2
( )- 1

3
ps l + ps - 1

2

= p ( )4qp( )2 - qp( )3
( )p3 4mpr - 1

∑
k = 0

mpr - 1 - 1( )mpr - 1 - 1
k ( )2k

k ( )- 1
3

k

= Tmpr - 1 - 1
12mpr - 1 - 1

4qp( )2 - qp( )3
4 ⋅ ( )p3 p.                (25)

By (1) and substituting (23) and (25) into (24), we arrive at (4).  This concludes our proof of Theorem 1.
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一个与中心三项式系数有关的同余式

张文彬 1， 张勇 2， 吴嘉晨 2

1. 广州华商学院人工智能学院， 广东 广州 511300

2. 南京工程学院数理学院， 江苏 南京 211167

摘 要：定义中心三项式系数Tn为( )1 + x + x2 n
展开式中 xn项的系数 . 我们证明了孙智伟提出的关于中心三项式系

数与中心二项式系数和式的同余式猜想 .

关键词：超同余式；中心三项式系数；中心二项式系数；Fermat商；Legendre符号

（责任编辑 冯兆永）
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