ol ROEB % O 1966F 1)

EERRsFTEEANED
HRETNREH

Bz 4
(Eeeh2®R)

wm =
AR (1)« B (L) L CLE) 2T, gt
5FECRLT) ke, RIAFRL (1.1)

RS

RS, B RS T e
Brfred C1.1) PRENYTS M fu s vk IIJ'HJF"JA:a RUBEYE T — AP0 GAER, o st
(1), (23, (8, (6], (16). AmEH el dnfl ase5,

b

§1 Bl E

K“n J-nmj i ﬂ(;'ﬁ(%)ﬁ'ﬁ*ﬁ

dx

i = A(t)e+ f(t, ) z2(to) =2¢ {1.1)

S SR AT S AN R, o ACD S (31030 1y 1 50 SUAIHRER, F(2, )5 120,

p={: PRI A B 12
VIR QD)) H’ﬁa SOPE RIS e, Bellman ) Coddinglon (1 2 If Az (63 2 A 7
HER 22 R N T2 7 i L A Y ’I'Xif(f ) BRE i T Ry B s Laksiimik-
a0 Brauer V20 50 AR B 43 R4 BHL 1 3 T 37 RS 4L, o i —R RfE (IZJU)ZO
PR TR 805 Braver O3 1 THVER S A6 50 4 S X B # 0 A9 ks, 30 RIS o
(5073 AL N AE A I LS BRPE, M AEATER D A RLE ATE R G, A i V B S ,I

e | < H CR™ -y s ) PR, X .

ACT19654 8§ 4 HIE
A RITBBH G A% o BRI BT R 8, IR R AT, i ek B AR W 11
!&ﬁ:l.i)



1 SERRIEGAZ R AL AR AT b v B T 19

WAHFT S, K SO T e BRI VR Sk o 17 e e ) B,
AR REESUTEMPLR— R, LS sﬁf*F?Uﬂﬂ) Ko

AAAE S 2 iR ISR — A s [ F R R R ORI TH A WA AS B, 0
AT L BRGNS EE S 3, § 4 r't%’*‘ SRR AT R PR AR T R
WP ET PR, MRS T — A AT PRt (2 03 06 AR K R i
MIET P INE Ro A sCUBAR 1Y Stokes 187 5y TH Ly i £ }f\t e 221G Tycuonoil R
S AT SIS LG ML R A AT W SRS A

CFRECL. DRI BLE I

t
(=T (tor )0 + | F(loy DT (tey DI (5, 2())de (1.2)
t

‘o

BB Y (to, )52 (1, 1) T %5 R BB PR 75 7 R AL

dY 4 © s
o = AW (1.3)
B bR HEFE IR AR PR,
&lﬂiﬁrerﬂl
baeyat
Y (o, DY (fo, 7)) <Ke * ==ty (1.1
FEK>1 2, ()R> ony T £
KT &WCL.4), TRMMIWT L5 8E M ies
11 = 2 IR S D R eved: o p k2 oy 178
ol = maz i [, ol =Tzl fels=(De)®
t T 1
A2 BbR HE R MRAR ML (to, DT 2
jtr/li(t)dt
[Y (1o, ) ¥ (to, 7)) 7" |;Se (i=1,2,3,) t=r=t,
Hrp 11(t):ma,a:5 Reay; (1) +[ay (O] !
i ! i §

2,(t) =max 5! Rea(t) + | 04i(1)] ]g
j i#]
A3(t) =3 (A(f)+ATx ) ) BYiR RREHE B, AT(DZA()RTFE R
FhE2. & AL PFRA)TT DI T B $RBI2 ARy
%ﬁﬁfﬂﬁ’fﬂﬁébﬂﬁa‘, l<t)Tum/ﬁ}£—~¢’”’“§L A3 H(QL2)BMAE RN, (O




<0

x % %

!
PR 0,

B 3.

19665

(L., A =0BgFEs8at, P — RIS, Hlancl.2)W
PR lim b
AT S X t-;;;'oo ftot»A(t)dt>—oo

B ae s i BRI

lf(t,:z:)]<G(f, I & D

=t zeDCI® (1.3
1BG (L, V) E =te, OSY<H B8, A EE ATt Y S0 B 4o
MroeDIF, ER(1.2), (1.4)FI(1.5), HFo(O)IFER XA _ kAR
t i -
(Hdt ¢ WIGLS
];1~(f)i\<\1(|n:0!rzft° +_K[ e'f' G (:', [:a(r)[>dr (1.6)
Jrg
§2 EAREEAMEIL
Fel' o Jein g R
S (BARER)
t 13 ey qn
A()dt ¢ (5 )ds
5t 'Y("’)g'i'o?fto + [ «.rJ.TA Gz, Y(r))dr 2.1
1.

F (), Ao, to+ )RS WP E, GU, Y ) R T Bk

g

i

= oIty +a,

t
|7—v°~fto’-“)df l <h\(‘

0, b> 0L o 21
/

teltoytoral (i, (1, Y(2))el, GXE TRt B Y PRI R T B, AL o<t +h
Y)Y <<u(t)
Iy A

dy
—q = MOr+G6Y) (2.2)
. » S a2
HEL o, YO WTRACH, 1 = min 0,37 |
I'[ 2 tO ~ -
[ 2(t)de [ea(s)us
M = e e © - ez ¢ [G (e, (<))
te(to, totu) (zv,7)el
TR, 4



818 JER R 2 SRR IR B S i e 21

1o )=(t) (2.3)
ji ande f"T;.(E)ds

Yn(D)=Y5 € ° + £ Glr, Y, (z)dr n=1,2--
)

MECH TR BB ST M —8n, v,(0) 4 (Fo, to +hJ _EAFAE, #ERIA

[} ageys

() —vee o IS
T G Rl PE 2 (2.1), RTHIT#REES
T =y (1)<y, (B) Sy (t) <o 2.1
TEREE:
[¢ oy [l
g ()= A(t)e © (7 + ftoc Gty Yoy (2))dT )+ Gy, (1))
KIALE (o, to+h) E
[y, (1) [ < HrpCRFE— K
KREAE (o, to+i) E
19,08 =1, C ) = (O 401 < C[1-7 | (2.5)
HA L FS 2 s .
[t aoae (2.6)
[1,(8) | <Vor © +b

H1(2.5), (2.6)#E5n { v,(8) Y 1E(to, to +R) AT BRI, —FE R, AHEArzela’ g8
B(2,4)gkzn
Yu(B)—>~—>y*(t)ee Mte(ty, bty +h)

(2.3 )V HUM B, AT

1 t P
th A(t)dt L Fff/l(;)dg

(8= 7o0 1o G(z,y*(c))dr

ta

BRy* ()22, 2) M50 s (b, Yo DETSE, rhIEA(2.4), Bk 38 Bly()R(2.2)0 o &
(to, ’yo)ﬂ,‘:ﬁ%‘(‘j\_ﬁi’lﬁs i

Y(t)<<y(t) teltoy to+n)

5P,
M1, SILTT L RIH RSO IR, R BN R R R KGE T i



22 e | [ S - I 1966 4F

PRI,

Bz, A0 =0, BEEView. natham G g0RL ) 55 23R 0L GO, v s
Bellman®? Bhati®®) Jangenhop (10 Ksif A2 050 &5 S hI TR S0 A2 252, MG o]
T LT (8 L AR S 1 A TR SR SR — I3, T BT B 1 B P
{3 [ {800 R o

WSR3, G, ) A [T ) TS, FUTE G ¢S Y 1 ST
Koy HEEENDY FEHOTIRA G, LG ) Sm()IL i m()Lebesque T flo 1

IRy XN XPC2L2) NSRS, £ Caratheddory (5 SO S~ SC#R (D

BiE4.  RETHIRIFERS S, 5 PR R 2555 ] DA ZE 7T, AR IR i A
@k AN (28

BILE A M AT

HARERE.

a2 1) FRODBEEEMQ.4)4(.5)
2) AR
A S+ KG(6) (2.7)

BTRE L 2 Loy B |0 DR MY T UG Bty <t <to +, Hah K |wg| <H,
a> 0B Bk + oo ,

Al R DAREA &K (T, w0 )AS R ()T DUIER Bt S t<<to + ¢, H

|=(£) |<y(t) B toSt<{te+

EFER. )& JBIEAH: i e(t), s(OEFTTPUIERE] toStsSt, + 8, (3<Ce), HILE
Eto)to'l’B]_ti;ﬁ‘lz(t)‘<y(t)o Eﬁ":“jg_ta EE{‘I()eD;{;E toﬂ"}%'_oﬁ’:;ﬂﬁj(_t(l.ﬁ)f&jv
MBS T, DASRAFAER>0, 5 fE(to, to+ A A [2(1) | Sy(t)o FHifil B k=45,
{ffﬂ‘b ’zl(ﬂyrﬂ ’L<B, '%75%—‘#%( >0 ﬁ&a L‘Efg‘

[=(8) | <y(t) toStStot+h
|z(t) | >y(t) to +h<<t<ty+h+0 (2.8)

MR, fEUto+h, to+B) LI

ba)d b ace)ae
“ +Kft eff )

|2()| <K |2o]e fo . G(z,|=(r)|)de

t +h t Fh R
[ ayde [0 @
11 T
| +ft° e
o

6‘0

t
A(t)dt
:_Kefto-*'h { l

o}

[Lasae

Gz, o(=)] )de }+Kf§o+he G(x, |o(c)] )d=



£ 140 FERRME G S RO A R T 23

18
{ lo;!(’th),[,x foth te+h
R EYE
jl/({o+7l,)=]\']ﬂ'o[u ° + K o G(T,?j(r)) de>=
) to
.to—l—h .
Clo+h i+
f At ‘ A()ds
=K|ngle ° 4-}{‘ e’ T G(r,]x(r)l)dr
. p tC
A,
t - L
J A(t)dt ¢ J A(E)dE
‘]w(t)'gy(fo—l-h)c tot+h +K Jt e’ v G/r, {x(r){)dr
oth \
LG IHL, FFAEL > 0,
' [o()]<< 7% () telto-+th s to+h+ny)
e ot ORI Clo+hy (o +2) ) R RIT, Hi fi K B0 19ME—Pk,
y(Oy=yr (), FrLl
[z(t) ]| <v(t) to+ ATt < b+ D41y

KEE5(2.8)F o
2) B (D) REIEIRE o< | <o +c*<lo+o, HMNIFIEHMNL), 5
()] <y(t) to<< t <C to +a*
A y(O)TTURERE R to< ¢ < to+a® 25, K, [2(1)] <mon % y()y<<H, Hit
(o) tora™)
(MBI DICIR B toS ¢ < to+o¥ Z4h, KRFBT G, X8, BIER] T ()T
VREHE) to< t <to+e o, FEFH1YEREG

l=() | <y(#) to<< t <tota
FHAEFRIE S,
BEl. R A,  t>=to, HAIFRQQ.DWRRLLFR
%%L == ﬂ(t)y+]CG(t ) (27)1

$T: by ERFCLLA)TLLARD

t
‘ ‘.u(t)dt

-1
|Y(t°‘ ¢ ;[Y(ﬁor)} , < Ae ’ t=r>=ig



24 B k% g 4f 19664

BiliE2. K GU,MWERERA S G4 I MM 3, TR, TR0 DK
G, Y)Rd y MR (CRL GO, Y )5 ¥ i B Sl IR S M ESFBUS & AT 1 e
PR3, SEXER AQ) K G Y YT LA S0 R Fhls 3F @ B, ) i IR

LYY =LY 00N, H P(1), QDR t= to [ B IR R, o> 0 3%
B, BIFCOVRRERL ] ( AMIEEFERDD .
JEAIEPIIREFSE H R (1.1 MOROICITPE, A7 RPER B EPERT T T L, K
@ww,&Mzaﬂmzmwwmmm““mjm%m,%T%%ﬂﬁm,ﬂ4<
it AN ACHSTRNE FOF) H =2 it S B ek

§8 MEA RN

FeM ks C 11D MBERE RPERGRI L, ArACS R 7R (1.1 ) %
PEC1.4)YFIC1.5) A.D=R",

B5: T H B —HR A YRS G AR M Bl BECL.1) M ¢ 48 % AT R Cualtimate
bounbedness) (90100, it C1.1) MHAMEE R, T129 t— + oo [F, Jif {ifif
BBl AS— G R TC KATE AR, SRR CL.1) M AT i,

FEB. O MULFR(2.7)  (EIk = to, Y= Yo (i Yo Hd— I 1195 %)
PITAS AT T2 9, R RE Q1.1 ) WOE4r AT . Jeie it

EEEA. LS FRE (2.7 ) Bl KA T A R PE S

() <y.(1)
b (1) G=12) BT (o, YIRS, 7Y, o TEHUBFAIETRE, UIHE
H1
MidE. SEMREIR ACE), G, VYR DG 3L (A7 S P BIE, 4.
R, X 1) =0, t> 1,
2) [FG ) <MU)L ]) 1= te, welm

e, TR R, T R,
[ ds oo

3) J Ty = Yo >0 A ( M(s)ds <Z oe
ve () N

HUC1.1) TR A5 R,
EFER. ARPEEFE L1, RE&GUILFRE

-f{[l = KM()LY)
dt

HaRGE S (tay Vo) Vo= Yo  MIMRATR. L,



g1 SEARTE 4> HTEME R B e E T 25

4
M(s)ds

fo

o _ds =K

J?o I.(s) J

REEAE 3 ) AnE R H, HER1TIE,
MiE. = L(Y)=YH, 3F Bellman ™ pyfER, XHRUF L GEMES R RS
Wy, MR LDBSAHL) MOS0, t=to, Fham BRI
M2, AX1) M)y=-—4 A= 0 REH
2) HEHEe>0, AFERE)>0,HM65

| N uj'lxlng =
|f(t,:0)|<{ ,
Blal ek, >

EHrp N 25 ¥,
AL DB E Ko

. i N e e VK
EBH. @Ew<fa:xm%ﬁ@xgmkuuLQX>fl‘
g (N Mgk, t=lo
\ ey o>k, =t

AP ER, AEIEAH2. 7)) A (e, Vo) Vo> B BRI TR
T2, DHIE R oy Yo ) Vo > B B ZG

. o, o
'Yow( A+KEY(t—~io) W <I<t,

?/(r‘)={

AT T.7 _ f_ ' Al
( B 3/{x LGN Al]x 5 =,
. — K fi—to )t s
Hep ot R Ryl TYHEEY = lodye
IR, M t> 4o [, I A IXSEIRER BT /1\ y IR (2. TR s 5

HemE Il

MEE. &) KAL) MO<s-—4, >0, ERTRESL. it f(t )=
0(|w]), [v]—>oolbh, Xtt—Fmiar, HERHMIRIE2) T DFEE L,

AR, AT AR B I ZE I T, R RERT DA AR AE

§4 BWVWEBZEMY%

AEARN Ry, AL D {AESNT, UMR % 18,020, t=>i o B MFFZECL. 1Y
GHEIREEM . BT ORI S T, TR AR D = 5{ - l le] <H }



26 Ha 1k * o 2k £ 198664

TR AT —4ARIE, M RVENWTE B B DM R (LD W A QDM A
G(t,0)=0, t=t5 o

T2, R FEQUIVGTE(R Yo>0) BE, TRl HLFELLDMSE
bR E, R

ERER.  HiEIEAR(l, RS0, AL 00 M RE0<Y O MUFR(2. 7))
$ad si{tey Y)W () W12

y(t) <€ t=>to (+.1)

BITHIEACE B, 120 = 1, AURE log|<9', (LML, 7o) MM =(1)

Wi &
o) T <Sy* () t=1,

T g (OR.DE L 8K (o, K| wo [ VYIRS, HIEACL D)
[o(t)| <€ t=to

TR D) MERE s N HBEARER, T LG ST R e 1 o
M. SR A5, GCr,v)BRATELIEIC € (00 Oy S Ry
L, BN G, Y) =Py +2()7, FRATR6IH R,
HER1O . &) ) SP) ] +QW) || 120,
P(t), QO t=io Wl BB, >0, 7>0 448

wl<<txH H

25 [ (A + EP(#)Id< + co

a,f,f (MEY+KP(&))dE
3 ‘o
3) [ Qe dr <+ o0
to

AL DM ERFE,
nkr2) ey

2')f’,w[/l(t)+KP(t)]d1:——oo
UL DM B BNREARIE o
§FE8. ARIBER2, REWHARE

g'l = (A(t) + K P(t) )y + KQ(t)y*e (4.2)

HYBMAE Vo> 0 EHER AV R BRSO RE, HERE
{8.(4.2) Bernoulli 582, fiz#



[ | SRR VR B S 7 REAH 09 % A AT R M i ge e 27

ft' Cat) + K 2(#), dt (
to /‘ 1~ oy
Y1) ="7ee Z “le

o ~ 1

Kfio(?(”é , TA(E) + KP(6)) dé d—[ ,.V

BOETT R, R Yo™>0 BHE/b, BIZafEHERMS MR, (4.2) S 5 BCA R
E, R RE,
FibsE.  HRESE 2(), L), Q) T DU B R LAk, B A——%]
H, HEC R — BT (p.318) 04
1) Alh=4 KHREIRMBIZEAEAHE,
2) F#RE>0, #HE T>t, #15
Lla|+b]z]rte t<<Ty Jaol <y

i 1<
Ela| +tb|afi*e >y el
He kya, b, HIER L,
SUCL o 1) B SRR S0E R 52 o

= , i
W, M ND=-k >0 K E>p

Eo<<T
P(t)= { Qt)=1P
£ t>T
—IEH, HERLAIEERMIE, Bl DM B,
w2, & D =0, =l
2) fU)<SMOL(|z]) >t |4 <1<H

b 1 s, M, LR BERER, LA v>0 AR

o0
3) 1(0)=0,  lim —]% —eo Y0, [ M(s)ds<oo

Yo=>0F Yo to
(L. DMFWRE.
SFER. MY AEER2, REIEEHF R

377 = KM()L(Y) (4.3)
PIBERSH Yo >0 faiE,

fE$5 €>0, 7L 0>0, #H{F



a8 FH (h K =g o ki 19664

fo

] ),‘fi._) =x | oo

Dy Yo

FAnC4. 3 TR A (foy Yo IWIREY (1) i
v(1)-<g i=1,

I CLL 34 Y>> 0 B i o

MyiE. 4 L0Y)=v, K2R, UL MTEM S RN B, e fh
DALY A0, t=to i5aG RO

AR ME T, SR A PR VAN EE 1T, A PERT LR R IR
8 W P S o

IR, e R § 1P nS e, RLFEHOR LA E D E B L B S T
PeT yfag S3 05 RER LN 1T YUPE N £ .

{1} E. A Coddington and N, Levinson, Tlieory of Ordinary Diiferential
Equations, 1955.

(23 R. Bellman, §53 FRMMMEEMEMR B ik 1957,

{3) L. Cesari, Asymptotic Behavior and Stablllty Froblems in Ordinary
Diflerential Equations, 1959,

(4] G, Sansone, O0biksoBensble Iud dhepesuniibabiX Y piBoensd,
Mockna 1954,

(5] ZEE ARSERNSHG FREMEIME—MEC] ) TS QRN
1 (1960) 7—31.

(6 ) &G FEHABUEAS FRMMAN, TRISMEMB AN (et ) 12
(1962) 32—39,

(713 C.M.Jlozurcknii, Ouenxka NMOTPEIIHOCTH YHC/IEHHOI'O HHTEI'DHPO-
Bagus OVBIKAOBRSHHBle gu(depednia ibiEble  ypaBHennd, VIsB,
Beremuux 3nsebennii, Marematuka 5 (1958} 52-—90.

63 I.Bilari, A Generalization of a Lemma oi Bellman and its Applica-
tion to Uniqueness Problems of Diiferentizl Equations, Acta Math,



51 FEREEE S SRR A A SR N e 1k © 29

Acad, Sci Hungar, 7 (1956) 81—94.

{9) V, Lakshmikanth, On the Boundedness of Solutions of Nonlinear
Differential Equations. Proc. Amer. Math, Soc. 8 (1957) 1044—1048.

(103 C. E. Langenhop, Bounds on the Norm of a Solution of a General
Differential Equation, Ibid. 11 (1960) 795—799. |

(113 B.Viswanatham, A Generalization of Beliman’s Lemma, Ibid, 14
(1963) 15—18.

(12) F, Brauer, Bounds for Solutions of Ordinary Differential Equations.
Ibid. 14 (1963) 36—413.

{(13) F. Brauer, Global Behavior of Solutions of Ordinary Differential
Equations, J, Math, Anal, App. 2 (1961) 1.15—1539.

{14) A. Wintner, The Nonlocal Existence Problems of Ordinary Diifer—
ential Equations, Amer, J, Math, 67 (1945) 277—284.

{15) A, Wintnes, Ordinary Dilferential Equations and Laplace Trans-
forms (appendix), Ibid, 79 (1957) 265—294.

(16) A, Stokes, The Applications of a Fixed Point Theorem to a Variely
of Nounlinear Stability Problems. Contrib. Theory Nonlinear Oscilla-
tions 5 (1960) 173—181.

{17} H. A, Antosiewicz, A Survey of Lyapunové Second Method, Ibid,
4 (1958) 141—166,

Boundedness and Stability of Solutions of Nonlinear

Systems of Differential Equations

Chow Chi-ming
Abstract

In the present paper, we study the boundedness and stability of
solutions of the f{ollowing n-dimensional system of diiferential equations:

{x
fil = A+t ) #(fo) =0 (1.1

where A(t) is 4 continuous n>n matrix {or t=t,=0 and f(¢,2) is a con-
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tinuous vector function for t=>to, weD= {a||s|<H }ck®,
Let
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[ ¥ (to Y (¥ (e, 77| < Ke t=r>te (1.
where Y (to,¢) is a standard fundamental matrix of the linear system

(l?/ .
dt A(t)y (1‘

K>1 is a constant and A(#) is continuons for =i,
| F(t,2) |[<G (1, 2] ) t>to, weD (1.5)

where G(t,7v) is continuous for t=t,, O<XY<<H and nondecreasing in Y
for fixed t,

In §2, we prove a fundamental inequality with which we obtain the
following fundamental theorem,

FUNDAMENTAL THEOREM, Assume 1) (1.1) satisfies the conditions
(1.4) and (1.5); 2) the maximum solution ¥{t) of the equation

dy
dt

Ay +KE, 1) (2.7)

passing through ({5, K |z,| ) can be continued to the interval (itq,t,4-1),
where K |z,] <l and e >0 is a certain constant or+ee. Then the solution
of (1.1) passing through (t,,%¢) can be continued to the interval (#q,fo+ @)
and

| =(t) [<su(t) for te(toyto+ @)

In §3,84, we use the fundamental theorem to obtain some rather
general criteria for boundedness and stability of solutions of (1.1) whici
include a series of results concerned (1) (2) (3} (6), and in this manuner
one may see the internal relation between these results, In this paper we
also come to a similar result obtained by Stokes (16) which relies on a
fixed point theorem for locally convex topological linear space due to
Tychonoff,



