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Abstract

We derive the exact distribution of the estimator of parameters in the
SUR model with the distubance of the third kind elliptically contoured distrib-
ution, thus generalizing the result of Phillips (1),
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1., Introduction

Let the multivariate linear model be in the form:

Yi=Axi+u (t=1,-,T) (1)
where y; is an nx1 vector of endogenous variables, x; is an mx1 vector
of nonrandom exogenous variables, and #; is an nx1 random vector,
We also write (1) as

Y’ =AX! +U’ (2)
where the data matrices are assembled in columns as Y/ =0(y,,-+, fr)s
and we assume that X has full rank m and U has the third kind
elliptically contoured distribution, i, e, U~LECyx (uen) {0, S®Isg}. The
probability density function of U is

p.d.f(U) = (22)"F "V et (2)7F g(uU(SOD)"U) (3)
where g is a certain apropriate function,
The coefficient matrix A in (2) is assumed to bc parameterized in
the form
vec(4d)=Sa~s (4)
where vec ( ) denotes vectorization by rows, § is an nmxq matrix
whose elements are known constants and whose rank is g, and s is a
vector of known constants, In (4) e is taken as the (qx1) vector cf basic
parameters, The mode! given by (2) and (4) becomes the SUR model,

when s=0, and S is a block diagonal seleclor matrix,
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Zellner(®) developed a two-stage GLS estimator for the parameters
in the SUR model, This procedure has been used in many empirical
applications, From (2), we have

vee(Y/) = (IQY)vec(A4) + vec(U’) = (IRX)Sa - (IQX)s+vec(U’),

Because the covariance matrix of U is a certain constant multiple of
2%, the GLS estimator of a is given by

@ = {87 (Z'Q@X'X)S; NS (Z7'QX/ Yvec(Y')+ S/ (Z7'®X’'X)s} (5)

The two-stage estimator of @ is obtained by renlacing ¥ in (5) by an

estimate that is based on the residuals of a preliminary least squares

regression on (2), We take the estimate

2 =kY/(I-Py)Y (6)
where Py =X(X’X)"'X’, and %k is a certain constant, from an unrestrict-
ed regression, The corresponding two-stage estimate of ¢ will denote

by a* The error in this estimate salisfics;

a*—a={S/( 2 '®X/X)S} S (£ '\@X " Yvec(U’)} (7)

Phillips (1985) derived the exact distribution of a®, when U is
normal, ie, U~N(0, Z®I), In this paper we will dcrive the exact
distribution of a*, when U has the third kind elliptically contoured
distribution,
2, Fractional Matrix Calculus

For deriving the exact distribution of &%, this section extends the
the theory of fractional operalors in differential calculus to matrix
spaces,

Definition If f is a complex analytic function of X and ¢ is a
complex number for which Re (¢)>{(n-1)/2 we define the fractionsal

matrix operator (detdX)™® by the integral

(detdX) SH(X) = T‘l(—a‘)Lo F(X = 8)(deiS)a~ ) 1248 (8)

when it exists, X is an nxn complex matrix, and the integral is taken
over the set of posilive definte matrices $>0,

It is coavenient to work with the adjoint of tie matrix operator
09X, which we will write in the form 0X,;=2adj(8/8X), The {ractional

calculus can be defined as

(detaXa)‘“f(X):F%r—)LM {etr( = 0X,S)F(X)}(detS)s= 1 12dS (g)

Re(a)>(n-1)/2

provided the integral exists,
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Leét Spmuxq and My, be constant matrices, then, from Phillips('3,
we have
{det(S7 (X, QM)S)}retr(AX) =etr(AX){det(S’(4,QM)S)}* (10)
where g is an arbitrary complex, number Re(p)>—-(n—-1)/2,4,= 47/ 4},
{det(S/ (90X 20X ,QM)S)}Hetr(A4AX)
=etr(AX){det(S’/(A4s24,QM)S)}# (11)
{g"(S7(0X,QM)S)(S/(8X20X,RM)S)a(S/ (0Xa®M)S)g} etr(AX)
= etr(A4X){g’ (S (A.®M)S)(S" (4ZA®M)S)o(S’ (4a®M)S) gy (12)
where j is a positive integer, and g is an nT X1 vector,
Lemma Let

f -1 —i—(r—m—n—l)
H,-=I g(tr27'D) (detD) (e’ (S"(D,®M)S)
D>0
(S (Da®M)S)a(S'(Dg®M)S)e} det(S/ (DgQM)S)
det(S/ (D, 2D ,&QM)S)}y~i-12dD
where g is an arbitrary function, which provides the existence of the
integral, We assume that X is a matrix, X,=X"'/|X|, S isan nmxg
constant matrix whose rank is g, and eq,, is @ vector,
Then
H;={e’'(S"(IW;RM)SILS! (W Z20W QM )SI, (S’ (W, RQM)S e}
o det(S/ (oW ,QM)5){det(S’ (W ,S>0W ,QM)S)}~i-1/2
j g(tr3-1D) etr (WD) (detD) T T-m-mV leWgu (13)
D>o0
o GOW) (S (W, QM)SITHS LW 4 2 OW ,@M)SIS! (W ®M)SI™*,

then H, = {e'CG(aW )3t} cdetc(awa)j‘%j g(trE-1D) etr (WD)*
D>0

T-m-n-

1
« (detD) *dD|y,.

Proof The right-hand side of (13) can be written as
j g(tr37D ) (detD) T T 101081 (aW QM )SICS! (W 4ZOW s @M )Sa
D>o

» [S" (W, RQM)Se} det (S’ (W M )S)+{detls’ (W ZdW QM )S)}~'~1/*
selr(DW)dD |y,

L(r—me-n-
S (T~m=-n-1)

(11) '( g(trz'D)(detD) {8/ (OW @M )S I
D>0

(ST (AW Z0W ;M )81+ (S’ (W, QM)S)e}’ det(S/ (W QM )SJetr (DW),
o {det[sl(DJZDG®]W)SJ}.—’_1/Z dD /|y,

10 [ gtr2mD) (detp ) F I (orcsr (aWo@M)S)-
A D>p

(8! (AW 4Z0W ;@M )S Vg[S’ (W ;QM)SJe} etr(DW ydetlS! (D ®M)ST -
{det(S/ (DD ®@M)SI} = /2dD | oy
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The proof is complete,
3. The Exact Distribution of a*

In this section, we derive the exact distribution of a® wusing the
result of section 2,
Let M=T'X'X, p=vec(U'X/T), D=Y’(I-P,)Y, From (7), we have
a*—a=[S"(D'QX'X)SI- (S (D'QX’ )vec (U’ )1Le(p,D)
Since p=(IQ®X/T)vec(U’), p has the third kind elliptically contoured
distribution, and
p.d.5(p) = (27) "™ 1*(det(E@M/T)3 "% g(p/ (EQM/T )p)
Set B=[S/(D'Q@M)SI'(S/(D'QI)], then
a*—a=e(p,D)={S/(D'Q@X’'X)S} " YS'(D*'QD)vec(U’X/T) =By (14)
Since p has the third kind elliptically contoured distribution, the
conditional pdf of e given D is
p.d.f(e]D)=(2x)"9/2T9/*(det(BZQM)B’))" g(Te’EB(Z@M)B’]"e) (15)
The matrix D is generalized central Wishart with the density function
given by {4
-—%—(r mrn

)

It follows that the unconditional pd{ of e is given by the integral:
2 ENTr F o N o(Te! (BE@M)B) )
r,,(T-;’?,) (detZ) %‘T""’JM (det( B (ZQM)B') ¥

A (D)=-2 (detZ) T ™™ (detD) T T o(4e3-1D)  (16)

r,

p.d.f.(e)=

PR
e g (tr271D)(detD ) T TV gp a7
Suppose that g is Taylor expansible on (—oo, +o0), and

(2m) Fg(Te! (BERM)B! )7he) = 5V (¢! (BI@M ) BY) ey
j=0

We now decompose the matrix
B(ZQM)B’/ =[S/ (D,QM)SI 'S/ (DgZD;QM)SILS' (D,RQM)S1™!

Then (17) can be written in the following form:

p.d.f(e)=

g iy 49 S bTi g(tr2-'D)
, i r
r 552 ey T = 2o,

. (detD)*‘T""'"'” {e/(S’ Dy®M)SICS! (DgZD @M )81, « (S (Dg@M)S Je}
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. d et(S’ (D,®M)S){det(S’ (D,ZD,®M) S3} " dp (18)
From the Lemma in section 2, we have
- ner-my -Lq oo
p.d.f(e) =y B T 52 BT e (GeaW,)) "t e}

(T m)(d £2) L (r-m) =0

. (detG(oW,) ) TI g( tr2-1D)(detD) T L (wDYAD

W=
__%_n(r m)- qu 2‘11[_ ZQQ{TC’G(GW )
(T ’")(d t5) % z - "™ detG(aW, R

J g(tr2-'D) etr (WD) (detD) T T ™"V 4 (19)
D>0 w=0

. --é—q ’ g _ = b,‘ ’ (9 ;C H

since (2x) g(h s k) = ,;:T'! (h - h)’, for arbitrary g¢x1 vector /.

Next, we need to evaluate the intepral
P:—.I g(tr2-1D) etr (WD)(detD) T F"™ % qp
Since Wy, and D, are all symmetric matrices, we have the zonal
polynomialC®]
etr (WD) = zoﬁ‘z,ﬁc,ﬁ(wp) (20)
=
where the inner summation is over all partitions ¥ of the integer and
£=(k ,,k,) is a partition of j into not more than m parts, Let
~ - - = A 1 L
H=2x é—DE *, W= *W2ZX %, then from Lemmag¢ (*Iwe have
A (Temmenie SR
P:J' g(trH ) ete(HW ) (detF )T T (qets )T ™y
H>0

i 2”5 gteH) - Co(HW) (detH) E F7™ "0 (detz) 7™ g
]: H>0
RPN | (F (T =m))L(((T —m)) V6. (det 3-cr-m) ,
ﬂ]‘;‘; jl E% F("%—H(T—ﬂl)-}-]) CG(W)ar(d tZ) (ul)
where

Thus, (19) can be written in the following form
-Anir-m) T—’;:—q(zn)—»ﬂ
p.d.f(e)= 2 g{Te’G(aW,) 7 'c}
(detcowan]? :
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T
Ll "), cums| (22)

j=0 Jjl l"("‘(T m)+J)

Hence, we have the following theorem

Theorem In the SUR model given by (2) and (4), we assume that
U has the third kind elliptically contoured distribution, i, e, U~
LEC;, (4+1) (05 Z®I5g), and g is Taylor expansible on ( —o0, +o0) Then
the probability density function of the estimate error a®* —a can be

expressed as the following form,

2-—32-—n(r-m) T—é—q(zz)-—%q

pdi(e) = g{Te’'G(W o) le}
[det(c(aw,,))]‘i“
o T-m
* 5 T (27), |
= T(3n(T~-m)+7) Cul ‘w=o

where e=a%—a, W= 2 —%—WZ -i-, G(0W4) is an operator defined in the
lemma of section 2, and &§; is defined as in (21),

In the above theorem, if U is normal, i, e, g(x)= exp(— %x), through
some evaluation, we can obtain the result of the exact distribution of
a*—q as in Phillipst!d,
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