
obj 3x 1+ 2x 2+ x 4　　

s. t. x 1+ 2x 2+ x 3　　 = 15

2x 1　　+ 5x 3　　= 18

2x 1+ 4x 2+ x 3+ x 4= 10

xi≥ 0, i= 1, 2, 3, 4

Solution: B=
c
T

A

- 1

=

3 2 0 1

1 2 1 0

2 0 5 0

2 4 1 1

=

0. 5 0. 5 0 - 0. 5

- 0. 15 0. 35 - 0. 1 0. 15

- 0. 2 - 0. 2 0. 2 0. 2

- 0. 2 - 2. 2 0. 2 1. 2

U= B ( 1, 0, 0, 0)
T
= ( 0. 5, - 0. 15, - 0. 2, - 0. 2)

T

V= B ( 0, 15, 18, 10) T= ( 2. 5, 4. 95, 2. 6, - 17. 4) T

u1> 0, - v1 /u1= - 5, S1= - 5

u2 < 0, - v 2 /u2= 33, u3 < 0, - v3 /u3= 13

u4 < 0, - v4 /u4= - 87, S2= - 87.

Since S1> S2 , the LP problem is infeasible.

Acknowlegement　 I am g rateful to Kat ta G. Mur ty who read my paper and encouraged me to ex-

tend Algo rithm SP in this paper to the generic LP problem. It is still a n open question to c reate a prac tical-

ly strongly po lynomial alg o rith m.
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一类线性规划问题的强多项式算法

吉训仁 

摘　要　对一类线性规划问题提出了一个强多项式算法 . 此算法可进行双向搜索 . 可行解

集、目标函数的两个目标值以及相应的最优解 ,全部可行基与最优基可以一步求得 ,无需迭

代 . 算法的复杂性为 O (n3+ n
2+ n ) ,其中 n为线性规划问题变量的个数 .
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Abstract　 This pape r presents a strong ly po lynomial algo rithm fo r a cla ss o f linear pr og ram-

ming problems. With this a lg orithm, the bi-dir ectional search can be implemented. The set o f

feasible solutions, two targ et v alues and the co rr esponding optimal so lutions o f the objectiv e

function, all the feasible bases and th e optimal ba ses can be obtained with no ite rations. The

complex ity o f the alg o rith m is O(n3+ n2+ n ) , wher e n is the number o f v a riables.

Keywords　 simultaneous linear equa tions, linea r inequality , linear pro g ramming , polynomial

algo rithm, str ong ly po lynomia l algo rithm
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We consider th e linear prog ramming problem:

obj　　 c
T
x

s. t.　 Ax= b ,　 x≥ 0 ( 1)

w here obj= "min"|"max", A∈ R
(n - 1)* n

,b∈ R
n- 1

, c and x belong to R
n
. In the follow ing

discussion w e assume:

rank c, AT T
= n ( 2)

Transform linea r prog ramming problem ( 1) into simul taneous linear equations w ith a

sing le parameter in the right hand side. Having inversed a ma trix and solv ed a g roup o f

linea r inequali ties, w e can get the following resul ts: ① The set of the feasible solution; ②

Tw o target v alues and the cor responding optimal so lutions o f the objectiv e function; ③ All

the feasible bases and the optima l bases.

No itera tions occurred in our algo ri thm.

1　 Algo rithm

This section consists of tw o alg orithms: Sub-alg ori thm IN EQ(U , V , S1 , S2 ) and main

alg orithm SP. The former is for solving the linear inequalities US+ V≥ 0, w hile the lat ter

⒇ 收稿日期 : 1996-03-18　　吉训仁 ,男 , 58岁 ,副教授



is for solving LP problem ( 1) .

Sub -algorithm INEQ (U ,V,S1 ,S2 )

Input: U= (u1 ,u2 ,… ,un ) T , V= (v1 ,v 2 ,… ,vn ) T .

Output: Tw o real numbers S1 , S2 and tw o integ er sequences:

i1, i 2,… , ip , ( 1≤ i1, i2,… , ip≤n)

j 1, j 2,… , jq, ( 1≤ j1, j2,… , jq≤n )

Step 1　S1= -∞ , S2= + ∞ , i= 1.

Step 2　 Case 1: ui= 0 and vi < 0, Let S1= 1, S2= 0, return;

Case 2: ui= 0 and vi> 0, g o to Step 3;

Case 3: ui> 0, let s= - vi /ui , S1= max (s, S1 ) ;

Case 4: ui < 0, let s= - vi /ui , S2= min(s , S2 ) .

Step 3　 i= i+ 1. if i> n, retur n; otherw ise, go to Step 2.

No te: During the computing of S1 and S2 , there migh t be the follow ing expressions:

S1= max
u
i
> 0

( - vi /ui )= - vi 1 /ui1= - vi2 /ui2= … = - vip /uip ( 3)

S2= min
u
j
< 0

( - vj /u j )= - vj 1 /u j1= - vj2 /uj 2= … = - vjq /u jq ( 4)

Main algorithm SP

Input: A,b,c.

Output:

( 1) The set o f the fea sible solution.

( 2) Two ta rg et v alues and the co rresponing optimal solutions of the objectiv e func-

tion.

( 3) All the feasible bases and the optimal bases.

Step 1　 Use the Gaussian elimination method to inverse the matrix c, AT T
. Let B=

c, AT T - 1
.

Step 2　U= B ( 1, 0,… , 0) T= (u1 ,… ,un )
T , V= B ( 0,b1 ,… ,bn- 1 ) T= (v 1 ,… ,vn )

T .

Step 3　 Calling the sub-alg orithm IN EQ(U, V , S1 , S2 ) w hich returns tw o real num-

bers S1 , S2 and expressions( 3) , ( 4) .

Step 4　 End.

2　 Proof of the alg orithm

Lemma 1　 If S1> S2 , LP problem ( 1) is infeasible.

Lemma 2　 If S1≤ S2 , then

( 1) The set o f the fea sible solution of LP problem ( 1) is:

x= US+ V , S∈ [S1 , S2 ]

( 2) min c
T
x= S1 , x min= US1+ V ; max c

T
x= S2 , xmax= US2+ V.

( 3) Acco rding to ( 3) and ( 4) , crea te tw o g roup o f sequences:

(G. P )

x 1 ,… ,xi 1- 1 , xi1+ 1 ,… ,xn ,

……………………

x 1 ,… ,xi p- 1 ,x ip+ 1 ,… ,xn .
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(G. Q )

x1 ,… ,x j1- 1 ,x j 1+ 1 ,… ,xn ,

……………………

x1 ,… ,x jq- 1 ,x jq+ 1 ,… , xn .

If obj is "min", then ( G. P) is the p optimal bases, and ( G. Q) q feasible bases;

If obj is "max", then ( G. Q) is the q optimal bases, and ( G. P) p feasible bases.

Proof o f Lemma 1: Rew ri te LP problem ( 1) as no rmal simul taneous linear equa tions

w ith a sing le pa rameter in the righ t hand side:

obj c
T
x c

T
x= S

s. t. Ax= b  Ax= b  

x≥ 0 x≥ 0

c, AT T
x= ( 1, 0,… , 0) T S+ ( 0,b1 ,… ,bn- 1 ) T ( 5)

Here S is a parameter determined by the sub-algo ri thm INEQ(U ,V , S1 , S2 ) .

Since rank c , A
T T= n , w e have B= ( c, A

T T ) - 1 . The so lution o f ( 5) should be

x= B ( 1, 0,… , 0) T S+ B ( 0,b1 ,… ,bn - 1 ) T= (u1 ,… , un )
T
S+ (v 1 ,… ,vn )

T= US+ V.

Calling the sub-algo ri thm IN EQ(U , V , S1 , S2 ) , there might be tw o cases w hich make

S1> S2:

Case 1: S1= 1, S2= 0. It means that there exists ui= 0 and vi < 0. So there must be no

real number S which makes xi= uiS+ vi≥ 0 hold.

Case 2: For al l th e posi tive components ui> 0 and S∈ [S1 ,∞ ) , x i= ui S+ vi≥ 0 hold;

Similarly , fo r all th e negativ e components u j < 0 and S∈ ( - ∞ , S2 ] , x j= u j S+ vj≥ 0 hold.

If S1> S2 , w hich means tha t the intersection ( - ∞ , S2 ]∩ [s1 ,∞ ) i s empty , there never

exi ts real number S which makes x= US+ V≥ 0 hold.

Proof o f Lemma 2: If S1≤ S2 , the intersection ( - ∞ , S2 ]∩ [S1 ,∞ ) is nonempty. It

means tha t each number in the interval [S1 , S2 ] makes x= US+ V≥ 0 ho ld. Outside the in-

terv al [S1 , S2 ] , no number makes x= US+ V≥ 0 hold. So w e have:

( 1) The set o f the fea sible solution is x= US+ V , S∈ [S1 , S2 ].

( 2) min cT x= S1 , xmin= US1+ V;　 max cT x= S2 , x max= US2+ V .

Now prove conclusion ( 3) in Lemma 2. For the sake o f simplicity, let obj be "min",

p= q= 1 in ( 3) or ( 4) , both S1 and S2 are fini te. By the above proof , w e have min c
T
x= S1

= - vi 1 /ui 1 and the optimal solution xmin= U ( - vi 1 /ui1 )+ V . The i1 th component of xmin i s

zero , and the o thers positiv e. So , the sequence

x1 ,… ,xi 1- 1 , xi1+ 1 ,… ,xn ( 6)

is an optimal basis. Besides, x= US2+ V= U ( - vj 1 /u j1 )+ V i s a feasible solution. The

j 1th component of this feasible so lution is zero and the o thers posi tiv e. So, the sequence

x1 ,… ,x j1- 1 ,x j 1+ 1 ,… ,xn ( 7)

is a feasible basis. With this discussion i t i s easy to prove the general si tuation.

　　Corollary　 If LP problem ( 1) is nondegenerate, there are a t most two bases.

　　Theorem　 Algo ri thm SP fo r LP problem ( 1) is a st rong ly po lynomial alg orithm.

　　 Proof　 The number of a ri thmetic opera tions in each step in Algo ri thm SP is li sted be-
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low: Step 1O (n
3
) , Step 2O (n

2
) and Step 3 O(n ) .

The size of numbers occur ring during the Gaussian elimination in Step 1 in Algo ri thm

SP is po lynomially bounded by the size of the ma trix c , A
T T ( Edmonds, 1967) . There is

no i terations in our algo ri thm. So the complexi ty of Algo ri thm SP isO (n
3
+ n

2
+ n ) . Alg o-

ri thm SP meets the cri terion of the strong ly polynomial alg orithm ( Ta rdos, 1985) . There-

fore the Theo rem above holds.

3　 Geometrical interpretation of the Algorithm

When S changes f rom -∞ to+ ∞ , th e hyperplane c
T
x= S scans th e space of the fea-

sible solution— one segment. The intersection betw een the segment and the moving hyper-

plane cT x= S i s also this segment. During the movement of the hyperplane cT x= S, wha t

i t to uches at fi rst is the point x= US1+ V , and f inally the point x= US2+ V.

4　 Examples

Example 1:　 obj 　 2x1+ x2+ x3

s. t. 　 2x 1- x 2+ x 3= 2

x 1　　 + x 3= 2

xi≥ 0, i= 1, 2, 3.

Solution: 　
c
T

A
=

2 1 1

2 - 1 1

1 0 1

,　　B=
c
T

A

- 1

=

0. 5 0. 5 - 1

0. 5 - 0. 5 0

- 0. 5 - 0. 5 2

U= B ( 1, 0, 0) T= ( 0. 5, 0. 5, - 0. 5) T ,　V= B ( 0, 2, 2) T= ( - 1, - 1, 3) T

u1> 0, - v1 /u1= 2, u2> 0, - v 2 /u2= 2, u3 < 0, - v 3 /u3= 6,

S1= max
u
i
> 0

( - vi /ui )= 2,　　 S2= min
u
j
< 0

( - vj /uj )= 6,

S1 < S2 , so w e have:

( 1) The set o f the feasible so lution is : x= ( 0. 5, 0. 5, - 0. 5)
T
S+ ( - 1, - 1, 3)

T
, S∈

[2, 6 ].

( 2) min c
T
x= 2, xmin= ( 0. 5, 0. 5, - 0. 5)

T
2+ (- 1, - 1, 3)

T
= ( 0, 0, 2)

T
,

max C
T
x= 6, x max= ( 0. 5, 0. 5, - 0. 5)

T
6+ ( - 1, - 1, 3)

T
= ( 2, 2, 0)

T
.

( 3) S1= - v 1 /u1= - v2 /u2= 2, S2= - v3 /u3= 6

　　 Case 1: obj= "min"

The optimal bases a re: (x 2 , x 3 ) , (x 1 , x 3 ) .

The feasible ba sis is: (x 1 , x2 ) .

Case 2: obj= "max"

The optimal basis is: ( x 1 , x2 ) .

The feasible ba ses a re: (x 2 , x 3 ) , (x 1 , x 3 ) .

Example 2:
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