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Let ¢ be a positive integer, 1 modg be the Dirichlet character as usual. If @ andb are

Si(a.b.q)=2) i(x) qux (1)

wherexx— 1 (mod ¢) and e () = & forreal T If i= iois the trivial character, then Si,

the integers, the Kloosterman Sums{“th chjracter I mod ¢ is defined by

x modgq

(a, b, g) is known as the classical Kloosterman sums and we have Weil-Esterman type
bound as follows
'S, (@ b q) K d (@) ¢ (a. b o) (2
where d (q) is the number of positive divisors of g. For the generalized Kloosterman sums,
some scholars such as. SelbelrgllJ , Iw aniec”! and Duke, Friedlander and Iw aniec’) used the
same estimate for S (a. b, q).
This paper proves the Weil-Esterman type bound is not correct for the generalized
Kloosterman sums, and gets the condition for the estimate.
To state the main result, we need a notation of local order for the character 1 mod g.
For any character 1, there exists a smallest positive integer n such that '= 10, wecallnis
the order of 1. Let g= plT"" ps’lf‘ . then 1= liiz+ &, where I mod qxﬁj is the character, itis
easy to see that ord il h (pﬁ) = pij_l (p— 1), so we define the local order of 1 onpjT/'
by the following formula
N (Loph) = (ord i pY) (3)
The main results of this paper is the following theorem.
Theorem Let ¢ be a positive integer, 1 mod ¢ be the Dirichlet character, then we
have

(1) If & pipz-- psis a squaredree number, then for all Si (a, b, g) we have uniformly
1 1
S (a. b q) < d (q) q" (a. b. @) (4)
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(ii) For all py/llg with T> 1, if N (i,p7)(a,b.p;’) <p’ ' then we have

| Si(a,b,9)< d(g) ¢ (a.bq) (5
(i) If & o and there exists p;’llg such that N(1,p,7)(a.b.p;' = p7, then

Si(a,b,q)= 0 (6)
(iv) If (a,b,q)> 1, then for all 1 mod ¢ primitive we have

Si(a,b,q)= 0 (7)

(v) For any integers a and b, there exist many infinite g such that (a,b,q)= 1 and ex-

ist at least @ 1 mod ¢ primitive such that

| Si(ab,g)= (1= 1/ 2)¢ (8)

The conclusion (i) of theorem is due to Chowla™', in which he proved that Weil
bound is true for all Si(a,b,q) when qis prime number or this sums is defined over any fi—

nite fields.
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