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Let q be a posi tiv e integ er, imod q be th e Dirichlet cha racter as usual. If a and b a re

the integers, the Kloo sterman sums w ith characterimod q i s defined by

Si(a ,b ,q)= ∑
x mod q

i( x ) e
ax+ bx

-

q
( 1)

w here x x-≡ 1 ( mod q) a nd e (T) = e
2πiT

fo r realT. Ifi= i0 is the t rivial character, then Si0

(a, b, q) i s know n as the classica l Kloosterman sums and w e have Wei l-Esterman type

bound as follows

|Si0 (a, b, q) |≤d (q ) q
1
2 (a , b, q)

1
2 ( 2)

w here d (q) i s the number o f posi tiv e div iso rs o f q. Fo r the generali zed Kloosterman sums,

some scho lars such as. Selberg
[1 ]

, Iw aniec
[2 ]

and Duke, Friedlander and Iw aniec
[3 ]

used the

same estimate for Si (a, b, q) .

This paper proves the Weil-Esterman type bound is not cor rect fo r the generali zed

Kloosterman sums, and gets the condi tion fo r the estima te.

To state the main resul t, w e need a nota tion of local o rder for the characterimod q.

For any characteri, there exists a smallest posi tiv e integ er n such thati
n= i0 , w e cal l n i s

the o rder o fi. Let q= p1
T
1… ps

T
s , theni= i1i2…is , whereij mod q

T
jp
j is the cha racter, i t i s

easy to see tha t ordij|h ( pj
T
j ) = pj

T
j
- 1 ( pj - 1) , so w e define the local o rder ofion p j

T
j

by the following formula

N (i, pj
T
j ) = ( ordij , pj

T
j ) ( 3)

The main results of this paper is the follow ing theorem.

Theorem　 Let q be a po sitiv e integ er, imod q be the Dirichlet cha racter, then we

have

( i ) If q= p1p2… ps i s a square-free number, then fo r all Si (a, b, q) w e have uniform ly

|Si (a, b, q) |≤d ( q) q
1
2 (a , b, q)

1
2 ( 4)
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( ii ) Fo r all pj
T
j q w ithTj> 1, i f N (i, pj

T
j ) (a ,b, p j

T
j ) < pj

T
j
- 1

, then w e have

|Si(a,b,q)|≤d (q) q
1
2 (a,b,q )

1
2 ( 5)

( iii) Ifi≠i0 and there exists p j
T
j q such that N (i, p j

T
j ) (a ,b ,p j

T
j )≥ pj

T
j , then

Si(a ,b ,q)= 0 ( 6)

( iv ) If (a ,b,q)> 1, then fo r allimod q primi tive we have

Si(a ,b ,q)= 0 ( 7)

(v ) For any integers a and b, there ex ist many infini te q such that (a,b,q)= 1 and ex-

ist at lea st aimod q primi tiv e such that

|Si(a,b,q)|≥ ( 1- 1 / 2 )q
2
3 ( 8)

The conclusion ( i ) of theorem is due to Chow la
[4 ] , in w hich he proved that W eil

bound is t rue fo r all Si(a ,b ,q) when q is prime number o r this sums is defined over any fi-

ni te fields.
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关于一般的 Kloosterman和

郑 志 勇 

摘　要　在整数环上研究一般的 Kloosterman和 ,给出其下界估计 ,否定了 Iwaniec等人的

上界结果 , 同时在一定条件下证明了 Weil-Esterman上界的存在时 , 将 Kloosterman和与

Salié 和的经典结果进一步予以扩张 .
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