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Abstract: The soliton solution in the quantum lattice gas model in one dimension is found. The width the
peak the rest energy and the effective mass of the soliton are given. The condition of the soliton existing is
pointed out. The dependence of the width, the peak and the energy of the soliton on the attraction energy be-
tween nearest neighbor paiticles are consdered.

Keywords: soliton; quantum lattice gas; Heisenberg model

CLC number;: 048251; 017514  Document code: A

The quantum lattice gas (QIG) model was suggested by Matsubara and Matsudd' | as that for
quantum fluids such as *He. The superfluid transfomation for this system occurs in the liquid state.
Solitons exist in one dimensional (1-D) or quasi 1-D physics systems has attracted a lot of research in-
terest!?. In this paper, we consider the soliton in the QLG model by equating the model with the
anisotropic Heisenberg model in a 1-D chain. The results show that solitons exist in the QLG only if
nearest neighbor particles in the QLG attract each other and the attraction energy is larger than the half
band-width, and the lager the atiraction energy is, the more narrow the width of the soliton is, the
higher the peak, the bigger the bind energy, thus the more steady the soliton. Therefore the results

are erroneous.

The Haniltonian of the QLG model in a 1-D chain' ¥ has the form
H=w cici ot (U2DU D ninis (D
i0 io
where n; = ¢y i labels the lattice site and i + § =1, labels the nearest neighbors of i; ¢
and ¢} are respectively, destruction and creation operators at the i-th site, and satisfy the
commutation relations
2

{anciy=1Lci=ci =0 ad[crqg] =[cnc ] =0 (7)) 2)

The first term of the Hamiltonian is the hopping term and the second is the interaction between

particles in nearest neighbor positions. The quantity w is negative and 2 lw |is the half band—
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width of the QLG, the parameter U may be taken to be either positive or negative, depending on

whether the nearest neighbors repulse or attract each other. Using following transformation *
+ + ~ +
ci = Sisci= Sisni= cia = 1/2+8i (3)

+ . . o S
where S7 = S7 +iS} and S} are the spin operators at the i-th site, we can equate the Hamiltonian

(1) to that of the anisotropic Heisenberg model in a 1-D chain
A= (sis0at sisi+ Y D58 o H U s, @

Meanwhile according to the Holstein-Primakoff transformation ™, i. e. Si= 28 — aiaiais S; =
a; 2S—aiai, Si= S — al ai and taking S = 1/2 and correcting to the forth order in Bose

+ . . . . . .
operaters @; or a; in the Hamiltonian (4), the equation of motion for a; is
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We use Glauber’ s coherent state | a9, which satisfies the relation

ai lo>= o | o> (6)
where ¢; is the probability amplitude of the spin at the i-th site. From Eq. (3) it is clear that o;is
also the probability amplitude of the particle in the QLG model at the i — th site. Meanwhile
applying the continuum limit, we obtain the equation of motion for a(x, ¢)

tha, = 20w — U a+ wdan+ Ua’al la B) o+ 2(U—2w)a [ o P @))

Hereafter, the subscripts of a function denote partial derivative, and a is the lattice constant.

We now look for the solution of Eq. (7) of the form

aCx, ) = P(Mexpi| kv— L (®)
where ¢ is a real function of 1= x — vt. Eq. (7) becomes
k =—ty/2wa’, and (1 + 79%) P+ Y997+ 269> — 29 = 0 €
with
_ _ 2 2
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Equation (9) is a nonlinear equation and has an exact solution , i.e., the soliton solution, as
1 hzxso*z— Cap YO F . 2KYPP— (k— AY)
ﬁaroos PR . aresin PR

where Ty = xo— voindicales the center of the soliton being at xoat the time fo. Since a’kY$* ~

=2M— "y an

¢* <1, then an approximate soliton of Eq. (9 is

—1/2
so(n)-[[f+v]coshzﬁ<n 70— ] (12)
Our following results are based on Eq. (12). As can be seen from Eq. (12), it is necessary that k
= 0. From Eq. (10), this means U<< 0 and | U > 2 [w l.as w<C 0. If either U<C 0 but
|U K22 [w lor U 0, the soliton can not exist. As aresult, the soliton can only exist in the

QLG in which nearest neighbors attract each other and the attraction energy is larger than the half
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hand-width. If not, the soliton can not exist. These are different from the results? in which the
method used is erroneous and the soliton existing only if the attraction energy is very small is
concluded. In fact, the QLG model may be equated to an anisotropic Heisenberg model
represenied by Eq. 4). When U>> 0, Eq. (4) describes an anisotropic antiferromagnetic chain
inwhich the soliton can not exist. When U< O but | U K 2 [w |, although Eq. (4) describes
an anisotropic ferromagnetic chain, but as mentioned 7, its groundstate is instable.

The normalization for a leads to Eq. (12) rewritien as

—1/2
P = [ Yeosec? J?acoshz 1 I T V] a3
where Ls = a EU cot J2U£U_ 2W)9 is the width of solitons. The peak of solitons is
U—2w 2w
’ J2U0WU —2w)
Ut - 14
From Egs. (9), (10) and (13), we get the energy of solitons
Es=2w—U)— B+ (1/2)ma’ as
. . 7 }J T .
the first term 2(w — U) is the energy gap, and Ejp = W<U2U2W)tan2 2U£(éw 2w) is th

energy lowered by the nonlinear interactions resulting in solitons in the Hamiltonian (5), and may
be viewed as the bind energy of solitons; while

ms =—h*/2wa’ ae)
is the effective mass of solitons. From Eqs. (8) and (13), the probability of a particle at x is

—1/2
alx, t) == [Ycosec2 J?acoshz & XO)L =) Y] eXpi[kx— %J an

From Eqs. (14) ~ (16), we can easily show if |U > 2 |w |, then dLyd |U K 0,dPy
d lU > 0and dEwd | U > 0.That is to say, the larger the attraction energy is, the more
narrow the width of the soliton is, the higher the peak, the bigger the bind energy, and

consequently the more steady the soliton.

In summary, we found the soliton solution of the QLG model in 1-D and considered the
condition of the soliton existing and the dependences of the width, the peak and the energy of the
soliton on the attraction energy between nearest neighbor particles in the QLG. The results
obtained above show that solitons can exist in the QLG only if nearest neighbor particles attract
each other and the attraction energy is larger than the half band —width. And the fact, solitons
will be more steady when the attraction energy is larger, is also proven. Meanwhile when the
attraction energy between nearest neighbors is equivalent to the half band — width of the QLG, i.
e. [U|=2Iw | wecansee from Eqs. (14) and (17), a= 0, that is, there is no the soliton.
It is because the nonlinear interaction terms in the Eq. (7) are vanished and the attraction and
hopping are in equilibrium for this case. In fact, in this case, from Egs. (10) and (13), we
obtain kK = A= 0. So the dispersion relation of excitations is £ =—2w—2wa’k’, which is that

of spin waves with a gap — 2wl 7. Therefore solitons are reduced to spin waves.
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