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Elliptic Function Waves on a Molecular-Crystal Ring
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Abstract An elliptic function wave solution of the molecular—crystal model with the disper—
sion term on a nng is found. In the limit that the perimeter of the ring tends to infinite, the el-
liptic function wave solution tends to an improved optical polaron solution of the model on a
chain. The lattice displacement of th e self~trapped state and the self-trapped well of the electron
are calculated.
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As is now known, an electron (orhole) in the crystal lattice may lower its energy by
locally distorting the crystal lattice surrounding it. The self-trapped electron together with
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its reduced lattice distortion is called the polaron''!. The possibility of self4rapping in a
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1 Further research

one dimensional electronphonon system was first studied by Holstein
on polarons was made by many physicistsm- In this letter, we consider the molecular—
crystal model with the dispersion term on a ring. We find an elliptic function wave solution
of the model and give out the lattice displacement of the self4rapped state and the self-
trapped well of the electron. These results tends towards those obtained by usina previ-
[4] . . T

ous letter ', when the perimeter of the ring tends towards infinite.

We start from Hamiltonian”' describing the electrons interacting with lattice optical

vibrations through the deformation potential inone dimemsion
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wherex and m are the electron coordinate and mass respectively; Ri= na, u» and a denote
the location and displacement of a molecule at the n-th site and the lattice spacing respec—
tively;, ¥ (x — Rs, un) is the interaction potential energy between an electron and a
molecule; M is the reduced mass of a molecule N is the number of molecules in the ring;

ko is the Einsteins frequence, and the k%—proportional term is the so called dispersion
term-
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Following Holstein'~', we assume the wavefunction J of H is

J= an()(x,un) (2)

n

* 1 1998-04-01



6 : 41

Here @, which depends onus and time ¢, is the probability amplitude of the electron at the
n—h site. Q0 (x, ), the local orbit of a molecule, satisfies the eigenequation

where eigenvalue E (ux) only depends on the displacement of the molecule at n—th site. Ob-

viously a» and u» must satisfy the periodical boundary conditions

an= am N ,Un= U+ N (4)
Making use of the linear approximation, we has
E(ur)= - Aw (5
. d
From Schrodinger equation it 7(),“]: HJ . and using the method of Ref. [4], we get fol-
lowing eigenfunction satisfied by a: with eigenvalue E(u1, -+ ,un)
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where J is the exchange integral. The normalization conditionJ| J1 2 dx =Z | @ l’= 1,

n=1
and the minimal energy condition,WE M= 0, lead to the minimal energy displacement 1y
to be

k2
= Mikg‘ a’| - 2k0(u,‘n+)1+ un 1) (7)

Itisinteresting only for the narrow -band, i e. @ <wo. In this case, theiterative solution

of Eq (7) is
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Assuming a is a smooth function of its lattice-site “ argument” 1, one can approximate
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(@ a1+ O[(k /ko)*] (8)
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Introducing Egs. (8) and ( ) in Eq. (6), We obtain the equation for a:”
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where ql <at”’ <q2 q1+ q2— T, q1q2— > 0, and cis an integration constant. Eq ( 13) has

Equation a n hn r equatlon, integrating once, we arrive at

the elliptic function wave solution
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where no is another integration constant denoting the, location, of some maximum of the el-
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liptic function wave. While dn(x,k) is the hcobian elliptic functionm,H W,b.k) and F
(W.k) are the elliptic integrals of the third and the first kinds'’, respectively
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Parameter k is the modulus of the Jacobian elliptic function and the elliptic integrals given
above and 0<k’ < 1. Since ki ko, so V< 1. Then the second term on the left-hand side of

Eq. (14), which is order of V, can be neglected and an approximative elliptic function wave

solution of Eq. 13) is R
{T ﬂ'dn 2{ U(qz—cp)(n—no 4 % (16)

Our following results for the lattice displacement of the self4rapped state and the
self-trapped well of the electron are based on Eq. (16). Substituting Eq. ( 16) into Eq. (8)
and correcting to the second orderin ki /ko, one can get the lattice displacement of the self-

trapped state
1@ SE— -1
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and the self-trapped potential { theelectron is given by by
V(u»go)): Mk(z)r Nj [ ﬂ'dn { Ug- qi) (n-no), /\;| % (18)

As the period of the Jacobian elliptic function dn(x, k) is 2K (k), where K (k)= Ffx /
2,k) . i- e, taking W /2in Eq. (15), is the complete elliptic integral of the first kind, so
the periodical boundary conditions (4) yield

U(g2- qi)N= kK (k) ,mi= 1,2, 3, (19)
where m1 is the number of the elliptic function waves contained on the ring. The normal-

ization condition yields
N
20k (k)= (1= Vgl | 6".0) & 7 Utgi- qi) (20)

withd'= - b= - Vq%kz, whereH (b,,k)zﬂ (r /2,b/,k), i.e., replacing b by b' and tak-
ing Wert /2in Eq. (15), is the complete elliptic integral of the third kind.

When the perimeter N of the ring tends to infinite, i. e. a ring becoming a chain, from
Eqgs. (15) and (19), one has k> 1,¢g—~> 0, and dn(x,k)> sech x. Therefore Eq. (20) be-
comes 1= (U/V) tanhz( [_N/2ml), and Eq (16) is recovered to an improved optical po—

laron solution

_[N _ -1/2
an = {Vcosech m COShanpn0+ % (21)

\% w
with the width Ly,= a Ucoth . When mi= 1, the solution (21) is most stable, and

Eq. (20) coincides with the Eq. (21) of Ref. [4]. Corresponding w’ V(u;go)) can be result—
ed from Egs. (17) and (18), while also coincide with the results of Ref. [4] when mi= 1.
On the other hand, when ¥ 0, we can show that the elliptic function wave solution ( 16)
is equivalent to that of Ref. [7].
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In summary, we consider the elliptic function wave solution of the molecular— crystal
model with the dispersion term on a ring. Since the elliptic function wave solution tends to
the improved optical polaron solution when a ring changes into a chain, so the elliptic
function wave solution of the model is more general than the improved optical polaron so—

lution and helpful in studying the small size quantum systems.
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