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Abstract　 An elliptic function w ave solution o f the molecular-cry stal model with the disper-

sion te rm on a ring is found. In the limit that the perim eter of the ring tends to infinite, the el-

liptic function w ave solution tends to an improved optical po la ron solution o f the model on a

chain. The lat tice displacement o f th e self-tr apped state and the self-t rapped w ell of the electron

ar e ca lcula ted.
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As is now known, an elect ron ( o r ho le) in the crystal lat tice may lower i ts energ y by

lo cally disto rting th e crystal lat tice surrounding i t. The sel f-t rapped elect ron tog ether wi th

i ts reduced lat tice disto rtion is called the polaron[1 ] . The po ssibi li ty of self-t rapping in a

one dimensional elect ron-phonon system w as fi rst studied by Ho lstein[2 ] . Fur ther research

on po la rons w as made by many phy sicists
[3 ] . In this let ter, w e consider the molecular-

crysta l model with the dispersion term on a ring. W e find an elliptic function wave solution

o f the model and giv e out the la ttice displacement of the self-t rapped state and the sel f-

t rapped w el l of the elect ron. These results tends tow ards those obtained by us in a previ-

ous let ter
[4 ] , w hen the perimeter of th e ring tends towa rds infini te.

We sta rt f rom Hamiltonian
[5 ]

describing the elect rons interacting w ith lat tice optical

vibrations through the defo rmation po tential in one dimemsion
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w here x and m a re the elect ron coordinate and mass respectiv ely; Rn= na, un and a deno te

the location and displacement o f a mo lecule at the n -th site and the la t tice spacing respec-

tiv ely; V ( x - Rn , un ) is the interaction po tential energy betw een an elect ron and a

molecule; M is the reduced mass of a mo lecule; N i s the number of mo lecules in the ring;

k0 i s the Einstein 's f requence, and thek
2
1-proportional term is the so called dispersion

term.

Following Holstein
[ 5] , w e assume the w avefunctionJ o f H i s

J=∑
n

anOn (x ,un ) ( 2)
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Here an , which depends on un and time t , i s the probabili ty amplitude of the elect ron at the

n -th site. On ( x , un ) , the lo cal orbi t of a molecule, satisfies the eigenequation

-  
2m
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 x
2+ V (x- Rn ,un ) On (x- Rn ,un )= E (un )On ( x- Rn ,un ) ( 3)

w here eig envalue E (un ) o nly depends on the displacement of the mo lecule a t n-th site. Ob-

viously an and un must satisfy the periodical boundary condi tions

an= an+ N ,un= un+ N ( 4)

Making use o f the linea r approximation, w e has

E (un )= - Aun ( 5)

From Schro dinger equation i 
 
 tJ

= HJ , and using the method of Ref. [4 ] , w e get fol-

lowing eig enfunction satisfied by an w ith eig envalue E (u1 ,… ,uN )
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w here J i s the exchange integral. The no rmalization condi tion∫|J|2
dx =∑
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and the minimal energy condition,WE /Wum= 0, lead to the minimal energy displacement u ( 0)
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It i s interesting only for the narrow-band, i. e. ,ω1 ω0 . In this case, the i terativ e solution

o f Eq. ( 7) is

u
( 0)
m =

A
Mk2

0
|a

( 0)
m |2-

Ak
2
1

2Mk4
0
(a

( 0)
m+ 1+ a

( 0)
m- 1 )+ O [ (k1 /k0 ) 4 ] ( 8)

Assuming an i s a smoo th function of i t s la t tice-si te“ a rgument” n, one can approx imate
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Int roducing Eqs. ( 8) and ( 9) in Eq. ( 6) , We obtain the equation for a ( 0)
n
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Equation ( 10) is a nonlinear equation, integ rating once, we a rriv e at
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2= c> 0, and c i s an integration constant. Eq. ( 13) has

the elliptic function w ave solution
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w here n0 is ano ther integ ration constant denoting the location of some max imum of the el-
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liptic function wave. While dn(x ,k ) is the Jacobian elliptic function
[6 ]
,∏ (W,b,k ) a nd F

(W,k ) are the elliptic integ rals of the thi rd and the first kinds
[6 ]
, respectiv ely
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Parameter k is the modulus o f the Jacobian elliptic function and the elliptic integ rals giv en

above and 0 < k
2
< 1. Sincek1 k0 , soV 1. Then the second term on the lef t-hand side o f

Eq. ( 14) , which is o rder ofV, can be neg lected and an approxima tiv e elliptic function wave

solution of Eq. ( 13) is
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　　 Our fol lowing resul ts for the la ttice displacement of the self-t rapped sta te and the

self-trapped w ell of the elect ron are based on Eq. ( 16) . Substi tuting Eq. ( 16) into Eq. ( 8)

and cor recting to the second o rder ink1 /k0 , o ne can get the la t tice displacement o f the sel f-

t rapped state
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and the self-trapped po tential well of the elect ron is giv en by
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　　 As the period o f the Jacobian elliptic function dn( x , k ) is 2K (k ) , where K (k )= F (π /

2,k ) , i. e. , takingW= π /2 in Eq. ( 15) , i s the complete elliptic integ ral of the first kind, so

the periodical boundary condi tions ( 4) yield
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1 ) N = 2m 1kK (k ) ,m 1= 1, 2, 3,… ( 19)

w here m1 is the number o f the elliptic function w aves contained on the ring. The no rmal-

ization condi tion yields
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w ith b′= - b= -Vq
2
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2
, w here∏ (b′,k )=∏ (π /2,b′,k ) , i. e. , replacing b by b′and tak-

ingW= π /2 in Eq. ( 15) , i s the complete elliptic integ ral of the thi rd kind.

When the perimeter N of the ring tends to infinite, i. e. a ring becoming a chain, f rom

Eqs. ( 15) and ( 19) , one ha s k→ 1, q1→ 0, and dn( x ,k )→ sech x . Therefo re Eq. ( 20) be-

comesT= (U/V) tanh
2 ( UV/2m1 ) , and Eq. ( 16) is recovered to an improved optical po-

laron solution
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w ith the width L p= a
V
U

coth
UV
2m 1

. When m1= 1, the solution ( 21) is most stable, and

Eq. ( 20) coincides w ith the Eq. ( 21) of Ref. [4 ]. Corresponding u
( 0)
n , V (u

( 0)
n ) can be resul t-

ed from Eqs. ( 17) and ( 18) , w hile also coincide wi th the resul ts of Ref . [4] w hen m1= 1.

On the other hand, w henV→ 0, w e can show tha t the elliptic function w ave so lution ( 16)

is equiv alent to that o f Ref. [7 ].
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In summary , w e consider the elliptic function wave solution o f the molecula r- crystal

model wi th the dispersion term on a ring. Since the elliptic function wave solution tends to

the improved optical po laron solution w hen a ring changes into a chain, so the elliptic

function wave so lution of the model is mo re genera l than the improved optical polaron so-

lution and helpful in studying the smal l size quantum systems.
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分子晶体环上的椭圆函数波

陈　渊 　陈　浩

摘　要　得到了环上的有色散项的分子晶体模型的椭圆函数波解 .当环的周长趋于无穷大

时 ,模型的椭圆函数波解回复于一维链的改进光学极化子解 .计算了模型中自陷态的晶格位

移和电子的自陷阱 .

关键词　椭圆函数波解 ,分子晶体模型 ,椭圆函数波

分类号　O 471. 3

43第 6期　　　　　　　　　陈　渊等: 分子晶体环上的椭圆函数波

 中山大学物理学系 ,广州 510275


