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Dirichlet Problem of Bi-analytic Functions of Four Variables
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Abstract: Dirichlet problem of bi-analytic functions of four variables on the bounded simply-connected do-
main with smooth boundary is studied. The results based on quaternionic analysis theorys are of both theo-
retical and practical interest.
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A function theory which is called (A, k) -bianalytic function theory has been developed by
Hua, etall’. Bi-analytic functions of several variables have been studied by Begehr and Kumar'? .
In [ 3], Kumar considers the generalized Riemann boundary value problem by intioducing Cauchy in-
tegral of bi-analytic type in two variables, In this paper, we obtain representation of solution of (1, 1,
A, X ) -analytic type in four variables on bounded simply connected domain € with smooth boundary
in C’ by applying theory of hyperholomorphic quaternionic analysis.

With respect to practical and theoretical interest of bi-analytic, we consider the following bi-ana-

lytic function

+ —1 >4 k Mﬁk @(k 5-k)

9x1
7u (D
(=
9x3 X4
forl << k<< 4
a@](m, 5—m) a@(%m, m)
and 3 + =D =0 form=1, 3 2)
Ix21—1 Ixa1
B = 2,4 (3)
Mok Ixa sl
forany /=1, 2, where A =0, 1, — 1
A combination of the above identities shows that
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where fk: ur T iusp zi = x27-1+tixzy and
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The rest of the paper is organized as follows: in section 1 introduce theory of hyperholomorhpic quater-
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nionic analysis and in section 2 discuss Dirichlet problem.
1 Elements of Hyperholomorphic Quaternionic Analysis

We denote by H as usual the set of real quaternions, which means that if ¢ € H, then
3
q= Z Gk ° ik
k=0

where  ioik = ikio= s it = io for k € {1, 2, 3}; = N
12 == R2i1= i3 [203= 1302 = 1l
isip =—i1i3=ix {qr) CR
Let #=1{ ¢, ¢, & &) be an orthonormal (in the usual Euclidean sense ) system of quater-
nions sometimes we call Ya structural set.

On the set C' (€ H) , define the operators 4b and D¢by the equalities
Vg S A 3
DIN:=20 8 F =2 830D . =2 =291 9.
=0 Xk =0 =0 “Xk k=0

Let A be the four-dimensional Laplace operator:
3

3
A = Z 4. Define Aon H-valued functions by H-valued functions by A[ f] : = ;) AL A] -

=0
it » then on C* (X H) the following equalities hold:
A=DPp=db=0D"=DD’
Fix a structural set Pand a domain Q.
We intoduce the sets 7,
M), =ker'D={(r€cQ W D[ = 0a}.
m*(Q), = ked'= (£ € "% 1) |Df] = 0a}.
The following fundamental formulae are widely known and may be found in many sources.
The quaternionic Stokes formula; Let Q be a bounded domain in R* with a smooth boundary T'= 9
{frg) CC'(Q; H), then

ngw = f LD gl s+ gDhin)dx (5)

Borel-Pompeiu quaternionic fomula: Let Qbe a bounded domain in R* with a smooth boundary I'=
I, € C'(GH), then

fx)= J(K{(‘P(T_)C)G‘#rf(f)_JQK‘P(T_x)%[f(f)]d'f 6)

Cauchy integral fomula; Let {be a bounded domain in R*with a smooth bounday I'= 9,
£EMmQ HH)C'(Q H), then

f(x, x € Q,

0. x € R*\Q

Let be a bounded simply connected domain in R* with a smooth boundary ['= JQ, denote by

g the harmonic (or classical) Green function of a domain € .

LQK&IJ(‘C—X)G%J(T): )]

It is known (see, for instance, [ 6] ) that such a function g uniquely exists. For an arbitrary

structural set ¥, intduce the function B (x, C):
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B(x ©: = DDl gl (. © = DDgg 2. ©
where (x, §) € QX Q \diag. We shall call it the Bergmann left- Phyperholomorphic kemel func-
tion and write it as the Bergmann h. h. kemel.
The Bergmamn h. h. kemel has the following properties:
1) for any fixed $ € Q B, © € M)
2) for any fixed $ € Q B(x, ) € M'(Q)
DB H=8BE 0 (8)

4) Reproducing poperty of Bergmamn h. h. kemel. Define

1 J‘ ZLO_HE(Tk_xk)
2)a

[
71 1] (x): ZJQKsb(tx)f(r)dr:zT iy f(tid~
In the spaces L, (4, H), p=> 1, the operator DT is well-defined and its space
DT=1 (9)

Given structural set € p=> 1, and domain Q; denote by &4’ (€ H) the subset of Ly( £}
H) consisting of all left- $-hyperholomorphic functions;
(% WD, =L, N M H)
we shall call ¢4’ (€, H) the Bergmann h. h. space. It has the following properties:
1) the Bergmann h. b operator is self— adjoint on L2(€}, H)
2 forany & ¢ pas above, B(L,(Q H) = o (Q H) and B =

Remark: Reformulations in the complex terms of (5) ~ (9) are obvious. For details see [ 5] .

2 Dirichlet Problem

Let Qbe a simply connected bounded domain with smooth boundary in C*, system (4) has a

pair of solutions, such that

e z2) la= m(Cy, & 10
where 7 (81, ), k=1, 2are functions given on boundary 7€, and Ihy/ ij, k=1,2j=1,
2 are Holder continuous on the boundary.

¢ =9 & & D= liinin i) ={1.isjsji}» thenDirichlet problem may be

written as

Df—Z( 4’(z)l+>\+14’(z)1 V()

ok Hgbk
oo oo an

f(zu 2) la= m (G,
Using the quaternionic Stokes formula (5)

F )= an*bg&, z>‘lf"d§Ad§+LQDe”g<C,z>ow* 12)

We have %JQWB(Z, O T ICAC = JJQW’B(Z, C)G‘L’th a3

Aceprding to-repoducing poperty of Beremann h.. h. kemel, (13) may be written, as
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1—A 1

It is known that the parameter A € (0, 1], denoting 7%} = 1+ 3 4J B (z, O PdCAAE.

With respect to the Bergmann h. h. , opterator is self-adjoint on L,(£% H), the operator B is

pwojector of Ly(y H) onto w4” (& H) and m< 1 . According to the contractive mapping prin-

ciple: we know that (/ — T) " exists, which allows us to express

f=u—n"' ZJJQ#B(Z, Ooyult
In fact, from (12) we get
uﬁxz>::—-5§fifd0?g<§,z><1——70*1Janwg(i,z>o¢hdeAdt——

A S — a4
lng(tﬂ(F*D J @t)whdmmt+£#ﬁﬂgzﬁwﬂ

Since hx(S1, $2), k=1, 2are functions given on boundary €, K s k=1,2;j=1, 2are

Holder continuous on the boundary, when z — €, the right side of equation (14) makes sense and
. . . k
fk is uniquely determined by 2" .
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