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Abstract. Let .7 be a class of bounded or unbounded functions. It is shown that for almost all sample
sequences Bayedan bootstrapped empirical processes (BBEP) indexed by a class of functions conditionally
converge in distribution to a P-bridge pocess, i e. BBEP and empirical processes over the same index class

have the same limit distribution almost surely. Therefore, one can use BBEP to simulate empirical processes.
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1 Introduction

Let { X} be a sequence of i. i. . d-dimensional random vectors with a common pwobability mea-
sure P . Efionl " introduces the “bootstrap”, a resampling method for approximating the distribution of
datistics H, (X1s -5 Xps P)(n ==1) . The bootstrap of Ffron' " has a Bayesian counterpart called
the Bayesian bootstrap, which is due to Rubin' . Rubin' s Bayesian bootstrap is based on simulation
rather than resampling. This suggestive method has been validated with limit theorems for many partic-
ular statistics by 1o'* ¥ and others. A great advantage of Rubin s Bayesian bootstrap approach is that
the Monte Carlo method can be applied to simulate the approximated posterior distribution. The steps of
the simulation are given by (1.1) ~ (1.3) in [ 3] . Lol shows that, for empirical processes indexed
by a class of indicator functions in R's the Bayesian bootstrap ? and the bootstrap! ! awe first-order
asymplotically equivalent for almost all sample sequences, they have almost surely the same limiting
conditional distribution. Zhang et all ¥ extend Lo'? " s result to multivariate cases. Zhang et all® give
the Bayesian bootstrap approximation for empirical processes indexed by a bounded class of functions in
R’, d =1 Itis natural to ask whether Zhang et al'®" s results hold for empirical processes indexed
by an unbounded class of functions in RY(d =>1) . In this paper, we discuss this problem. The an-
swer is affimative.

Our theory relies on some important results of Pollard ” on empirical processes. Our approach is
parallel to the approach on empirical processes in Chapter Il and Vllof Pollard ? . However, there are
significant differences between the two theories. Fmpirical processes are constucted from sums of in-
dependent random variables, whereas the Bayesian bootstrapped empirical processes (BBEP) do not
have the foms. Another difference is that: for empirical processes, we are interested in non-condition-

al central limit theorem; for BBEP, we are interested in conditional central limit theorems on the given
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sample. The paper is divided into three parts. InSection 2, we obtain that, for almost all sample se-
quences, BBEP indexed by a class of functions conditionally converge in distribution to a P-bridge
pwocess, i. e. BBEP and empirical pocesses over the same index class have the same limit distribution
almost surely. Therefore, one can use the BBEP to simulate the empirical processes. In Section 3, the
idea of the symmetrization method introduced by Pollard " is developed. Some lemmas and the main

results given in Section 2 are pwoven.

2  Main results

Assume that Xi, -y X, --are i i d random samples valued in RY (d ==1) on a pobability
space ({4, .7, P1) with law P . Let { y,} be a sequences of independent standard exponential ran-
dom variables on a probability space ({k,.%, P2) with common probability density function f'(x) =
exp{—x} if x=0and f(x)=0if x<< 0. Furthermore. suppose that { X, }, {y,} are mutually inde-
pendent random sequences. Let Q= ;X &, P = P X Pyand.7= £ X .% . Thus, we obtain
a probahility space ({,.77P) . Denote V; = y:/ Einzlyi, i= 1 -wn,n=1, then (V}, -+
V;—1) obeys Dirichlet distribution D (1, -4 1) . Without loss of generality, we assume V; =0, i =
1. Let P, be the empirical probability measure of X1, +-+ X, and P, , be a probability measure that as-

signs the mass of Vito Xi, 1<0i<Cn . Write.7 for a class of Borel measurable real functions on RY.

Let Of = deQ, L'(Q) = {f;f | £ 'dQ<C <o} for any probability measure O, i = 1,2. Thus,

Puf=UnD, f(XDs  Puvf= D, Vif(Xo).
i=1 i=1

Definition 1 LetD,, /= /n (P, of—Pof) for f € F. (D of: f €T}, n =1, are called
Bayesian bootstrapped empirical processes indexed by .7.

Our motation confoms in general with that of Pollard 7. For instance, we say that a function F

is an envelope of .7 if sup~ | £(*) K< F(*) and so on.

Condition | .7 is pemissible class of functions with an envelope F=> 0 and PF*< oo (see
p- 196 in [ 7] for “permissible”).

Condition 2 The class of graphs of functions in.” has polynomial discrimination (for “graph”
and “polynomial discrimination” see p. 17 ~27 in [ 7] ).

Suppose that .Z" is the class of real functions on.7. Equip.Z" with the metric generated by the
uniform nom Il * I, where | U Il = sup. lU() loeachU € 2. Lt C(ZP)={UE %

NU Il << 3 for any r=> 0, there exists &> 0, if i g €.7 and (P(f— g)H"*< 3, then

| U(f)—U(g) K r} . Throughout the paper. we suppose that Bp is a Gaussian random element of

2" withCov(f; g) = P (fg) — PfPgfor any f, g €.%, whose sample paths all belong to C(% P)

and that Bpis a P -bridge process over.” and is tight, i.e. the probability measure induced by Bp
is tight (cf. p. 149~157 in [ 7] ). Let X = (X1, X2 =) .

Theorem 1 Let.” be a pointwise bounded, totally bounded, permissible class of functions. If

for any €= 0, 7> 0, there exists a 0> Osuch that, for almost all samples X = (X}, X2 ),

lirglﬁ§ppp((f;§l)lgq ‘Dn,v(f_g) > X] S



d
then, for almost all samples X, Dn.v —Bp [P (° ‘X)] .

d
Let “—” denote convergence in distribution.

Theorem 2 If.7 satisfies Conditions 1 and 2, then, for almost all samples X,
d d
D Dyy—Br [PC X Dsup Doy f [——sup |Bef [[PC1X0].

3 Proofs of the main results and lemmas
In order to prove the main results, we require the following supporting lemmas. Let

Puif=n 2, (Vi— Un (XD, F= {((f— ) fig €T},
i—1

Lemma | If.7 satisfies Conditions 1 and 2, then, for almost all samples X,
sup | Po2h— P >0 as [ PC1X)] (D

Proof Iet Y= (yi, y2 - Dand f(X, Y)=1—I4x v » where A(X, Y) demotes the set
{ lim ) | P, 2h— P,h =0} and { yi} is defined in Section 2. By Lemma 29,

| Py v2h— P,h > 0a. s. We therefore obtain that 0 = E(f(X, ) = E(E(f(X, Y) ' X)) .
Condition 1 implies that f(X, ¥) is a non-negative measurable function on the pobability space ( {4
ZP) . See Appendix C!? for more details. Since X = (Xj, Xa, ---) and ¥ are mutually indepen-
dent, Fubini s theorem implies that, for almost all samples X, E(f(X, ¥), X) = 0. This implies
that Lemma 1 holds.

Given a pseudo metric space (% d), the covering number (see p. 143 in [ 7] ) is defined by
N (e, d, .7) = min{ m: there are f1, - fu € Fsuch that sup min d(ﬁf) < &),

1= j=m

Let d2(fs go Pur?) = (Po. 2 (f — D" and NaCu, P, 2.7 ) denote NCu, da(®y
Pn, v2 )9 7)) . Define

b
J2(8 Py 2. 7) = J0[2]I1(Nz(u, Py % w2 du, 3> 0.

Lemma 2 If.7 satisfies the conditions 1 and 2, then, for any €= Oand 1> 0, there exisis
a constant 0> 0 such that, for almost all samples X,
L, 1D B X <. )

where[ § = {((fig)fig € Zda(fig. P): = (P(f—)H*< §, 0.
Proof Let D, = o Sup, ‘FP,, (f—g). Forany € € (0, 1) and > 0, choose Jsatisfying 0<<

0<< /6. From Theorems II. 24 and 1I.36in[ 7],
sup | P,h—Ph >0 as [P (3)

hm %upP(

where A= {(f— g)% f, g € .7} . Hence, for almost all samples X, there exists Nx=> 0 such
that, for any n = Nx, Dn<<2 & and

siuﬁpp( |Dn,v(f_g) > w2 ‘X}<4ﬂizs[u§p{l/n2(f(X,-)_g(X;))2+
=

1/<n<n+1>>; [ (FXD) — g XN (X)) — g (X)) ) < 87 *Da<< 172
i7j
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Generale a sequence of i. i. . sign random variables { 6;} with P(o; =+ 1) = P(o; =—1) =

1/2 which is independent of the sequences {X;} and { y;} . Let[ §,={(f, g):f» g € % d>(f, g

P, )<< & . From Lemma II.8'7 and the Second Symmetrization Method (cf. p. 14 in [7] ), if n
= Nx . then

P( sup, D (f—g) 1 |X)<4P<%p DL.(f—g) B> walx) @

(g
n

where DY, ,(f— g) = J_rlz o; (Vi—1/n)(f (X)) — g(X;)) . Olwviously,

i—1
P(Slusp D% (f—g) > w4 I)ag
24,
P[SUp ‘D%v(f—g)b7)/4|X]—|—P([<?—[2§n X 5

By Lemma 1 and (3), as n — oo,
PQA (23 X< PGup |Puv(f— = P(f— g’ = 8210 —>0 (6
Let V(n)= (Vi, -~ V) . By Hoeffding inequality (d. Appendix C'1), forany 7> Oand f, g €
Fi it Xand V(n) are given,
PCIDY (f— ) B rda(fs gu P ) | X0 V() << 2expl— r¥/2) D

Notice ﬂlath(l/i—l/n)z—> las.[ P . Forany &, € (0, ¢/8), there exists N> 0 and
y

i

S» € Z not depending on the samples with P2(S2)=1— €, ifn =N,
0<< niZn;(Vi—l/n)z<2on S2 uniformly (8)
Let S = QX S5, When (8) holds, we define a probability measure P, ,* » which puts the mass of
(Vi— l/n)z/[i(V;_ l/n)z] onX;, i = 1, -y n . Thus,
P, vV (f— g)2
nz (Vi— Un)’

P;f,'vZ(f—g)Z: for any f, g € .7

From Lemma II. 36 7, there exist constants 4> Qand W>> Osuch that, for any n == N and each u
€D,

No Quy Po. 2 7)< No(uys P s )<< Au " uniformly on S
This implies J2( @ Py, % .7) —>0 as 0—>0on S uniformly. Hence, there exists a constant § €
(0,min{e/32, M/6;), if 0€ (0, §], thenJ2(2Q Pu % .7) < /208 on S uniformly . ILet
Ps() =P §)/P(S)and letn = N. (7) and Chaining Lemma VI 9" imply

Ps (sup DY (f—g) > 260,23 P2 | X Vn))<<43d

By taking expectation over ¥ (n) for the last inequality, we can obtain that
Ps (sup DY (f—g) > W4 1 X)<<43d and

P(yip [Dhv(f—g) = 4 10 < Ps(yp [Dhv(f— ) > w4 I X0+ a< e/ (9

We deduce the result of the lemma by 4), (5), (6) and (9).
Lemma 3 Suppose that. 7 L*(P) and that f1, -+ fubelong t0.7 where m == 1 is any posi-



tive integer. Then, for almost all samples X,

d
(Dn,vfls 9Dn,vfm)—)N(Oyz) [P(° X)]
where == (Gi.j)m><m9 Gi,j — P(fiﬁ)*PfiPﬁ, 1< Iy ]< m.
Proof For any f € .7, Lo shows that, for almost all samples X

Do f 5N PP— (PPDY [P X)) a0
Notice that Dn. v is a linear operator. The result of Lemma 3 follows fiom (10) and the properties of
characteristic function.
Proof of Theorem 1  Replace E, and P in Theorem VI 21" with D, , and P (°
tively. By Lemma 3, the rest of the poof is the same as that of Theorem VI 217 .
Proof of Theorem 2 Result 1) follows from Lemmas 2 and 3 and Theorem 1. Result 2) is ob-
vious from result 1) and Theorem IV. 127,

X) espec-
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