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Abstract: It is proved that the lergth spectium metric is not quasiisometric to Thurston’ s pseudometric,
and that Thuston” s pseudometric is asymmetric in Teichmuller space. The range of asymmetry of
Thurstor’ s pseudometiic is also described.
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Let S be a compact Riemann surface with genus g, g=> 1.For any compact Riemann surface
Soand any orientation preserved homeomorphism f:S — So,we call the pair (So, /) a marked
Riemann surface. Two marked Riemann surfaces (S1, f1) and (S2 f2) are equivalent if there is a
confomal mapping $: §1 — S2 which is homotopic to f2 °fi'. Denote [ S, f] 1o be the equivalent
class of (S, £). The Teichmuller space T(S) (also denoted by T ) is the set of the equivalent classes
[ S’ ﬂ ’ .o

Aswe know, Teichmuller gave a complete metric on 7(S) using the dilatation of extremal quasi-
conformal mapping

dr([ S f1]. [ S2. f2] ) = InK[ fo]
where fo: 1 — S2is the extremal quasiconformal mapping in the homotopic class of /2 ° fi ', and
K| fo] is its dilatation.

Let 5= {7} be the set of the representations of elements (not including the unit element)
of the fundamental group 71 (S) of surface S.Let Is(Y) be the shortest length under the Poincaf
metric in the freely homotopic class of closed curve 7 on the Riemann surface S.The sequence
{Is(¥,)} comesponding to 3 is called the length spectrum of S'".We introduce a metric on

7(S) using length spectrum of Riemann surface! >

d(( S fil» [ S2s f2] ) = In O([ S1, f1] [ S25 f2] )

Is,(FCY) B, (1)
where p([ Slvfl] a[SZaﬁ] )Z 7%]% lS (y) ’ lS (f(y>)

and f= f> °fo". This metric is called the length spectrum metric of the Teichmuller space T(S).
The Thurston’ s pseudometrics dp1 and dps are also defined by the length spectrum of Riemann

surface as following.

ls, (fCa)) Is, (f Ca))

dp] S fils[S2» /2] )= 1n St g ISI(—O()’ dpz([Shﬁ] 2 [S2, /2] ) = In aseu‘% 152(—(1)

* : (19801040); (974070 ;
(00M9)

+ - 1999-11-25; : (1966 7)), .



6 : Thurston 7

where £ = f> °fo". We know from the definition that
dp (St fil s [ S22 f2] ) = dp ([ St f1] 5[ S2s f2] ).
Remarkl Actually d, and dp, are not strictly pseudometrics. For the terminology

“pseudometric” has the following standard meaning: the non-negative function € in XX X defines
a pseudometric on X if it satisfies:
P(x, x) =0, 0(x, y) = C(y, x)

and Clxyz)<< P(xy y) +0(y, 2)
for all x, y and z. (but we may have (x, y) = 0 and x 7 y).For the sake of convenience. dp,
and dj, are still called pseudometrics.

The study of the relations of various metrics or pseudometrics in 7(S) is very interesting.
The length spectrum metric d is topologically equivalent to the Teichmuller metric dr™ . This
result can also be obtained directly from the Thurston’ s embedding of Teichmuller space.The
length spectrum metric is a complete metric. Furthermore we know that the metrics d, dr are
pseudometrics dpl and dp2 are topologically equivalent to each othe > .1t is matural for us to
consider the following problem: whether the metrics d, dr and the pseudometrics dj s dp, are
quasiisometric to each other ? In this paper, we prove that a'pI Is not quasiisometric to dpz, this
result implies that the length spectrum metric d is not quasiisometric to the Thurston’ s
pseudometrics dp, i = 1, 2.

The problem whether the metric d is quasiisometric to dpl_, i = 1,2, or not, is equivalent to
the following: whether there is constant K = 1 such that for any 7, & € T(S), the following
inequality holds.

Kldpi(rl’ T2> < d(rly T2) ngpi(fly T2 ), l: 19 2.

We know from the definition that for any
T, T, © T(S), dp[(rls )<< d(t, 1),i= 1,2
Then the above problem is equivalent to the following: whether there exists constant K = 1, such
that for any t1, o € T(S),
d (i, T2)<dei(‘f1, )h,i=12 (D
To solve the above problem,we first study whether the pseudometric dp is quasiisometric to the
pseudometric d, .That is, whether there exists constant K = 1, such that for any 1, T € T(S),

Kldp] (Th TZ) < dpz(fls TZ> < del<Tl9 T2) (2)

The answer to this problem is negative.
Theorem The pseudometric dp is not quasiisometric to the pseudometric dj,.

Proof Suppose that there is a constant K > 0, such that
dpz ( T, ‘Cz) < del (Tl, Tz)

for any Ty, T, € T(S).

Next we’ 1l give an example to show that the above assumption is false.Let T0 = [ So, fo] €
T(S) and 7 be a simple closed curve of S.Shrink the Poincai€ length of fo(Y) to &,,where €, is
a sequence of positive numbers which tends to zero. We get a sequence of points T, = [ Sy, fu] » 1

= 15 25,115 11, (S5 corresponding to the above shrinking process.
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For any closed curve @ € 35, a is not homotopic to ¥, we havel”

I (fy () =C1()+ Ca(a) Ing iCa ¥)

where Ci(a) and C2( @) are constants depending on @ and i (@, ¥) is the geometric intersection
of @ and 7.
Without loss of generality, we take €, = 1/ n.From the definition

Ie (fu(o)) Un Ci(a)+ )iy, aDlnn
dp (T, T,) = In sup m =In max I o (1))’ asggs lro(f0<a,)> }
where 2= {a « € S, a is not homotopic to 7. }. Without loss of generality, we assume that

;e (fuCa' D)
nlz (fo(7)) = 1.Because for any o« €3, m =1
I /
Then d), (79, T,) = In asup ll_"_i <(J;lo(((:7))))- “In aslelgs (e )Jrlsz(j‘oa(il’)()}” @ ln
On the other hand, we have
I (foCa' )
dp (T, ) = In sug W— In Cnlz (fo(¥)))
d (tor ) I supl Ie (fa Ca'))/ I (foCa' )]
Denote - Mn = g ooy 7> — In Cnle FoC)))
n [ L (fuCa' D)/ I (fy (2]
Let  Maled = T o)
where a € 3.

If @ homotopic to Vs M, () =—1.1f a € 3, then

Ci(a) + ()i, VIn n
! I, (fo ()
M, ()= In Cals, (fo (@) -
I Ci(a)+ G ()i, Vi n
0 lfo(fo(a)) — 0[1111;“”] )
InCnle, (fo(a))) n

Therefore, for any ’
« € s, lim My (a) =0 (3)
By assumption, M, == 1/ K, becuase M, = JSup M, (a), for any €= 0, thereis o € 3,

1,
such that M, (a')™> 1/K— €= 0.This contradicts(3).So the assumption that for any t1, T, €
7(S), dl’z (11, ™) < del(‘ﬁ, T2) is false.
Because d, (t, ) = dpz(fla )
there is no constant K, such that for any
T, 2 € T(S), dp (1, T2) << Kdp, (t1, T2)
Then (2) is not true. This completes the proof of the theorem.

Remark 2 In some sense, the theorem shows the extend of the lack of symmetry of the
pseudometrics dp, i = 1, 2.

From,the definition of d. and above results, we knew, that (1), is not true.
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Corollary The length spectrum metric d is mnot quasiisometric to the Thurston’ s

pseudometrics dp, i = 1, 2.

References:

[ 1]

ABIKOFF W. The real analytic theory of Teichmuller spacd A] . In; Lecture notes in Math| M] . Bedinr New York:
Spunger- Verlag, 1980. 1~ 145.

[ 2 SORVAL T. The houndary mapping induced by an isomomphism o covering groups[ J] . Ann Acad Sci Fenn (A),
1972, 526 1~ 31.
[3 U Z. Teichmuller metric and length spectrun of Riemann surface] J] . Sci in China(A), 1986(3): 802~ 810.
[4 TIUL X On the length spectum of non- compact Riemann surface] J] . Ann Acad Sci Fenn(A), 1999 24 11 ~22.
[ 5 KERCKHOFF S P. The asymptotic geomety of Teichmuller space] J . Topology, 1980 19: 23~ 41.
[ PAPADOPOLOUS A. On Thurstor’ s boundary of Teichmuller space and the extension of earthquake| J . Topology
and Its Applications, 1991, 41: 147~ 177.
[ 71 MINSKY Y N. Hamonic maps length, and energy in Teichmuller space] J| . J Diff Geom, 1992, 35. 151 ~217.
Thurston
: Teichmuller , Thurston )
Thurston ) Thurston
; ; Teichmuller

0174.5

, 510275



