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Abstract: In the paper, the Hopfield neural network with delay is studied from the standpoint of taking it
as optimization computational model. A generalized updating rule for the network (GURD) is established. It
is proved that in any sequence of updating rule modes, the GURD monotonously converges to a stable state of
the network. All ordinary HNND algorithms are instances of the GURD. It is shown that the convergence
conditions of GURD expand into more loose conditions in applications and break through original constrained
conditions. New updating rule mode and restrictive conditions can guarantee the network to achieve local
maximum of the energy function.
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1 Imtroduction

Recently the convergence of various connectionist models including discrete Hopfield neural net-
work (DHNN)[1 -3] , continuous Hopfield neural network (CHNN)[l]and the network with delaym has
been investigated by researchers in many fields. Since Hopﬁeldm first applied DHNN to traveling
salesman problems, DHNN (which have a very simple and efficient hardware implementation) has
been shown to have the capability to provide powerful approaches for a wide variety of combinatorial op-
timization problems. However, Hopfield’s approach has been subjected to severe criticism, concerning
the quality of solutions, especially for large-size combinatorial optimization problems. In fact, there
have been many negative and positive discussions, notably from Wilson and Pawleym . The other as-
pects of the theory research concerned with the computing complexity problem[s 1 computational pow-
er, finite automata equivalency and dynamic system simulation by DHNNs, which are beyond the scope
of this paper.

It is well known that the DHNN without delay has an important property, i.e., it always con-
verges to a stable state when operating in a serial mode and to a cycle of length at most 2 when operat-

[1-~3,6)

ing in a parallel mode . However, in most optimization problems, the corresponding matrix and

updating rule mode do not satisfy the above convergence conditions. So convergence problem is consid-
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ered one of the important theory problems of the neural networks. To correct the deficiencies of the
Hopfield network, various attempts such as to optimally select parameters and to eliminate infeasible
solutions have been made. Among these attempts, some are to maintain the structure of the Hopfield
network , the others are to modify the network structure. In [8] we constructed a DHNN with delay and
presented a updating rule which is similar to one in Hopfield network without delay[1“3'6]. Unfortu-
nately, the corresponding to convergence conditions is constrained strictly, therefore its application re-
gion was abated. We have concluded from these results that the energy function is dependent on the
updating rule mode. Whether the constrained convergence conditions can be expanded into more loose

8-10] 1 is well known that a detailed specification for the convergence

is regarded as an open problem[
of DHNN is very important to investigate most real applications.
In fact, the convergence, network architectures, network initial conditions as well updating modes

(&) and give a clear answer to

are intimately related. In this paper we extend convergence conditions
what updating rule mode can make energy function be decreased monotonically with respect to evolution
time, i.e., based on the modifying energy function (bivariate energy function) by means of the modi-
fied DHNN as well as its updating mode, the convergence of DHNN with delay is obtained .

The present paper has the following organization. Section 1 is the introduction. Section 2 gives a
brief review for the DHNN without and with delay. Section 3 introduces some definitions and notations
used in this paper. Section 4 investigates the convergence of DHNN with delay and gives our main re-

sult. The last section offers the conclusion of this paper.
2 Hopfield networks

DHNN can be viewed as a graph in which each node represents a neuron in the network. The or-
der of the network is the number of neuron in the network. The conmection strength between each pair
of nodes (neurons) is represented by a weight associated with the edge connecting the corresponding
pair of nodes. Formally, let N = (W,0) be a DHNN with n nodes denoted by x;,%,,***,x,. In the
pait (W,8), w={(w;) is a n x n real matrix with w; representing the connection weight from node
(neuron) xjto x5 0= (8;) is a n-dimensional real vector with 6; representing the threshold attached
to neuron x;. The state of the i node at time ¢ is denoted by x;(¢t),t=0,1,2,--. Each neuron
(node) is assumed to have two possible states, 1 or ~ 1. The state of the network at time ¢ is the vec-
tor X(t) = [xl(t),xz(t),"',x,,(t)]T. In general, the state of the network at time ¢ + 1 is a func-
tion of { W, 8} and the state of network at time ¢. The network is thus completely determined by the
parameters {W,0}, the initial value X(0) of the states, and the manner in which the nodes are up-
dated (evolved). If at time step ¢, node x;is chosen to update, then at the next step

) hi x /O
xi(t + 1) = sgn(hl(x(x(t)))) - { 1 ( (t)) >

S h(e() <0 ()

N
where h;(t) =]};lw,-,xj(t) -6;.

If only one neuron is allowed to change state at each step by performing the state evolving equation
(1) while the states of the other nodes are unchanged, then network is said to be operating in a serial
mode. If all the nodes are chosen to be updated at each step by performing the state evolving equation
(1), then network is said to be operating in a parallel mode!! ~3:6]

A DHNN with delay is a computation model, similar to a multilayer percetron in which all con-
nections feed forward. The difference between a DHNN with delay and a multilayer percetron is as fol-
lows. The inputs to any node x; for DHNN with delay can consist of the outputs of earlier nodes not on-
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ly during the current step ¢, but also during some number d of previous time (£ -1,¢-2,"*,¢ -
d) . Following Bruck!?and Orponen[s] , the state of a neuron is updated according to the following e-
quation ; .

’ i\% /0
xi(t + 1) = sgn(Hz(x(t))) = {_i zExEZ;; jo

where H,(2(1)) = 53 31k (s - ) - 6,(0).

For the convenience of the later analysis in this paper, we only discuss special case d = 1,6(t)
=0 and use the triple N = (w°, w',8) to represent the model (2), although the following is different
from here in output function (not necessary constrained sign form function) and the updating rule
mode. For a special case (i.e., w'=0,x,), N=(w®,w',d) will represent DHNN model(!~3:6]

The DHNN with delay without feedback connections is called TDNN which has successfully been
used in a number of real world applications.

3 Updating rule of HNN with delay

(2)

Definition and notation .

Let B"=1{-1,1}" represent the set of all vectors X = (21,29, ,xn)T, where each component
x; takes value +1 or — 1. We propose a new updating rule for Hopfield neural network with delay in
order to extend the convergence condition. The following is the definition of a generalized updating
rule.

Definition 1  Let N = (w°, ', ) represent DHNN with delay, starting from any initial vector
X(1) = X(0) € B", given a sequence of neural index subsets L(k) C {1,2,--,nl for k=1, the
neural network update in the following form;

When k=1,L(1) c(1,2,"**,n}, is neural index subset by means of randomly selected (in
general L) =1{1,2,,n}), x;(k+1)=x,(k), if i e L(k) and

When k=1, 1 For i€ L(k), the following is updating rule

1, if (k) = - Land Hi(k) > D) |w%|+2 D |w}]

JE L(K) JEL(k-1)
xi(k+1) =31, if 5(k) = 1and Hi(k) <- 2, |w}|-2 > |wj] (3
JEL(K) JE L(k-1)
x;(k), otherwise

Where H;(k) = 2 (' (k) + w}(k=1) - 0).

i
The updating mode is called the generalized updating rule for discrete neural network with delay, it is
abbreviated to GURD( the Generalized Updating Rule for DHNN with Delay) .

A sequence of neural index subsets L(k) c {1,2,-,n} satisfying the above conditions is gen-
eralized in evolution mode. It includes a serial mode and parallel mode for neural network with delay
when sequence of neural index subsets is chosen satisfying | L{(E)l =1 or nl1-3:6-71

Definition 2  The function E(u,v) defined below is called bivariate energy function on B” for
N= (wo,wl,f));

E(u,v) = u"w’u + 2u"w'v - 2476 (4)
where u = x(t),v = (2 = 1). In short, the bivariate energy function is written as E(t) = E(x

(¢),x(t-1)).
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4  Main results

Based on the GURD mode, the neural network with delay has the following convergence property .
Theorem Let N = (w®, w',8) be a DHNN with delay, operating in GURD mode. If w'is a

row-diagonal dominant matrix, i.e. wu/Llw,ll for any k=1, Av( k)50 orAs(k —1) #0, it

is guaranteed that
AE(k) = E(x(k +1),x(k)) - ECx(k),2(k 1)) =0
The equality holds if only and if (% +1) = x(k) =x(k-1).
Proof According to definition 2
E(u,v) = u"0%u + 2uTw'v - 2470
where u = x(%k),v=x(k~-1),0 is a threshold vector § = (61,02,"',9,L)T, then

|E(k) | = VE(x(k),2(k - 1) | < ii ‘wy\+2\wy|)+2j 61 (5)

Lot A (k) s (B + 1) — 2, (k) AECE) m E(h 4 1) — BCR), (AE(K)) o= (ECk 1) - E(E))
leh(k);éO
Then
AE(t) = 2(k + Dux(k + 1) + 26" (k +)w'a(k) = 22"(k + 1)6 -
1 V(E)wlx (k) - 24T wlx(k - 1) + 257(k)8
For any k=2,i€ L(k)c{l 2,*,n} and operating the GURD mode, we have

AE(E) = meus)H( (k) + ZZ(Ax(k))(Ax(k))wy+

=1 j=1

Zszi(k+l)Axi(k—l)wij (6)

i=1 j=1

(1) If Ax;(k) >0, necessarily %; (k)— -land %,(k+1)=1.

H(E)> > | w%‘ l wLJ{ is a sufficient condition for (AE(k)); >0
JETR) e (k

(2) If Ax; (k) <0, necessanlyx(k)—l and x,(k+1)=-1.

H(k)<— >_, ' - GL(I: \w,,l is a sufficient condition for (AE(k)); >0

(3) Since w'is a dlagonal dominant matrix, then (AE(k)); =0 when Ax;(k); =0, AE(k -
1);50. Any nonzero update Ax(k) 0 orAx(k - 1);5£0 in the GRUD is case (1), (2) and (3) ,
then AE(k);=0.

It is noted that the theorem is generalized theorem of [8 ~ 10] which extends constrained condi-
tions of weight matrices w° and w'. In short, w%’s diagonal elements are non — negative (serial mode)
and w® is a nonnegative definite (para]lel mode) is not necessary for GRUD mode. It has been shown
that updating rule process of the network and activation process of neurons has been characterized by
dynamic process. But many researchers have also held their courses that the active output function of
neural network be confined to assign sigmoid function and the serial, parallel and partial parallel
mode, is considered as important updating rule mode which is nothing more than these modes.

Corollary  After a finite number of updates, under the GURD mode, the neural network with
delay will converges to a fixed point.

In fact, the fixed point of DHNN with delay corresponds to a local maximum point of energy func-
tion which it is our research main purpose and potential active interest. On the other hand, the conver-
gence property is indispensable for practical application design of DHNN with delay.
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5 Conclusions

In this article we have demonstrated how a generalized updating rule can be made energy function
increase monotonously for neural network with delay. The GURD mode can operate in any sequence of
updating modes. We prove the neural network with delay is convergent in operating the GURD mode.
The algorithm of paper [8 ~ 10], including original MHNN algorithm and partial parallel mode algo-
rithm(! =367 1] ca he easily derived from our main result.
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