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Abstract: The characterization of curves in an image with wavelet transform is studied. Two novel wavelets are utilized to

characterize and detect curves. Some sienificant characteristics of the local maximum moduli of the wavelet transform with

respect to curves are presented. At last, the characteristics are applied 1o design a new algorithm to detect curves in an im-

age.
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1 Introduction

Detection of edges is the main discipline in the
areas of computer vision, image processing and pattern
recognition. In the early years of edge detection,
many detection operators including Roberts, Sobel,
and Laplacian, were developed. These operators are
very simple and can be implemented easily and effec-
tively for most ideal edges. To improve the detection
for noisy images, Marr suggested filtering the images
with a Gaussian before detection. Instead of utilizing a
given operator, Canny developed a computational ap-
proach to edge detection. It was suggested by Canny to
detect edges by locating the local maxima of the output
instead of the zero-crossings of its derivative. For de-
tail references, see [1~3].

Due to the development of wavelet theory, Can-
ny’s approach is extended by Mallat and his cowork-

SIS proven that the maxima of the wavelet

ers
transform moduli detect the locations of irregular struc-
tures, and a numerical procedure to calculate the so
called Lipschitz exponents is provided. Unfortunately,
it is difficult to calculate the Lipschitz exponents exact-
ly in practice. To develop new method for edge detec-
tion by utilizing wavelet theory, in [5], a significant
property based on step edges has been established and
then leads to provide a simple and direct strategy for
detecting the step edges.

However, it is equally important to develop a
method for detecting another important edges, the
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curves, i. e., Dirac-edges, in an image. In our
latest paper [6], a very important characterization of
curves by wavelet transform with respect to quadratic
spline wavelet was provided. Three significant charac-
teristics of the local maximum moduli of the wavelet
transform with respect to the Dirac-edges are present-
ed, namely: (Dslope invariant; @ grey-level invari-
ant; and @ width light-dependent. It is interesting
whether we can select better wavelets than quadratic
spline so that the “width light-dependent” can be im-
proved to “width invariant” without losing the “slope
invariant” and “grey-level invariant”. In this paper,
such wavelets are presented. Due to the improvement,
the detection of curves can be detected more exactly.

The paper is organized as follows: Section 2 is a
brief review of the scale wavelet transform, then two
novel wavelets are presented. In Section 3, a charac-
terization of a straight line in an image by wavelet.
transforms is developed. At last, an algorithm to de-
tect curves in an image based on the characterization
above is designed and an experiment is carried out in
Section 4.

2 Scale Wavelet Transform and the
Construction of Two New Wavelets

Let L?(R?) be the Hilbert space of all the square-
integrable 2-D functions on plane R?, ¢ € L*(R?) is
called a wavelet function , if

Jnjkgb(x,y)dxdy =0 | (1)
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For f € L2(R?) and scale s > 0, the scale wavelet
transform of f(x, y) is definet by

W) = [ [ o)
%¢(£;—u,ys_—u)dudu (2)

Curves are transient components with high fre-
They are highly localized in

spatial positions, which makes their being analyzed

quencies in an image.

and processed by the classical Fourier transforms not
effective. To combat such a deficiency, wavelet analy-
sis can be utilized.

However, unlike Fourier transform, there exist
many different wavelets that can be utilized. There-
fore, it is very important to select one as “good” as
possible according to one’s practical applications.

In this paper, two new wavelets are constructed
On [0,

as follows: Let #(x) be an even function.
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), it is defined by

2 (! cos(2rt) - 1
_= d 0,1
$(x) : = . N
0 x =1
3

The two new wavelets utilized in this paper are
defined by

P(x,y) = a%si’(v %%+ y?)
Gx,y) = §¢<¢x2+ )

and the corresponding wavelet transform modulus is de-

fined by

(4)

Mf(x,y): =

VWG ) 12 41 WG, ) 12 (5)
Figure 1 is the graphic description of ¢'(x,y)
(left) and (,l)z(x,y) (right) .
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Fig.1 The graphical descriptions of function ¢l (x,y) (left) and </12( x,y) (right)

3 Invariant Characterization of Curves
through Wavelet Transform

In this section, three signiftcant characteristics of
the local maximum moduli of the wavelet transform with
respect to Dirac-structure edges in images will be pre-

the local

maximum moduli of the wavelet transforms with respect

sented. Namely: (D Grey-level invariant:

to a Dirac-structure edge takes place at the same points
when the images with different grey-levels are to be
processed; (2 Slope invariant: the local maximum
moduli of the wavelet transform of a Dirac-structure
edge is independent of the slope of the edge; (O Width
invariant: for various widths of the Dirac-structure
edges in an image, the location of maximum moduli of
the wavelet trausform does not vary under certain cir-

cumscription.

Let the parameter equation of a curve [; with
width d be {g : (u,v) = (u(t),v(e)),t € [a,b].
Then the equations of the curves parallel to [, can be

written as follows:

u,\(L) = u(t) + —M(t“_‘
Vo () 4 v (1)?
Lo: , A€ [a,b]
vi(t) = v(t) - Au (L

Vo ()7 + v (1)

where | A | is the distance between [; and the center
line of [;, and the sign of A determines at which side
of 1,1, locates. An image including only one curve /,
can be writien asfld( x,y) = q,x,)l’l(x ,¥), where ¢
is the grey level of the curve and yp,_,(x,y) denotes
the characteristic function of the area D;, which is de-
fined by D, : = {{w,(£),0,(2)) 1t € [a,b],2 €
[~ d2,d72]1.
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We suppose [, is a straight line for the simplicity
of mathematical analysis. Let the parameter equation
of the center line [ is: (u,v) = (u(t) + k'll(t -
to),v(t) + ky(t —tg)),t € La,b], where ky, k,
denote the slope of [ satisfying k7 + k3 = 1, then for
the wavelets defined b}ll Eq. (4), we have

Wf{’lj’ld(x,y) = - ch:dtJ(_i/:/Zg[;i(x - u(iy) -
k(e = tg) = Aka,y — v(tg) — ko(t = to) + Aky)dA
For any (u(ty),v(ty)) € I, we consider the
points in the normal line:
{xp = u(ty) + kyp
y, = v(to) + kip
where | p | is the distance between (xp , yp) and
(u(tg),v(tp)) . Then it can be calculated that

Wf}ﬂ,l(x,y) =

b a2 ;
- ijadtj_msbs(kzp -k (t - 1) -
Akz; - kHO - k’z(t - to) + /Utl)d/\ =
(ty-a)/s (p+dr2)/s
- ij dtj S[)L(kll + kZI\v

(tg=0)/s (p-dr2)/s
kyt — K A)dA (@ = 1,2)

Similar to the discussion in [6], the “ Grey-
Level Invariant” and “Slope Invariant” can be easily
proven. In the following, we focus on the proof of the
“Width Invariant”. That means parameter p intro-
duced above retains the same value when p>d.

Now that $(r) is compactly supported and the
support is very short, for the point tofar away from a
and b we can yield that

Mfi (x,,9,) =2 cfj:[gé( 24+ ([%M)z)

e (=227

To find p such that M, ( X, yp) reaches the lo-

cal maximum, we consider its derivative on p:

ad;Mfm(x,,,y,,) =—2|cf|L:°
. (em22)L
AW PN EY ZIH PO N
* \/t2+(p+d;/2)
et

¥ (\/ £+ (&_s—d/g)z) \/;T (E;i@)@

-2t [F(8 e 5) - #(5 - 5))

where F(x) is an odd function defined hy

e e
F(x)-: xJO m di =

{cos(27rx)—1 x € [0,1) 6)
0 x =1
Letd_(,]ol V_Wfld(xp,yp) =0
we get
e, dy_pp_4d
F(s +23) = F(s 2

whose solutions are as follows: s > d and

3

s
PL=="T50 =7
which are independent of the width d. The so called

“width invariant” has been proven.

4 Algorithm and Experiments of
Detection of Curves

Based on the characterization of a straight line in
an image developed in Section 3, -an algorithm to de-
tect straight lines in an image can be designed. The
result is also valid for general curves since a short seg-
ment of a curve can he regarded as a straight line ap-
proximately. Our algorithm to detect curves in an im-
age is designed as follows.

Algorithm Iet f(x,y) be an image containing curves.

For a scale s >0,

Step 1 Calculate the local maxima figome of Mf(x,y)
and the gradient direction fyagien With respect to
the wavelets defined by Eq. (4)

Step 2 For each point (x,y) with local maximum,
search for the point whose distance along the
gradient direction from (x,y)is s. Hitis
still a point of local maxima, the center point
is detected.

Step 3 The curves formed by all the points detected in
the last step are what we need.

Figure 2 is an experiment of curve detection. The
left is an original image. By using the algorithm de-
scribed above, the two crossing straight lines are de-

tected, which are shown on the right of Figure 2.
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The Homeomorphism Theorem of Bounded
Semicharacters and Its Applications

HE Yuan-jiang
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Abstract: Let (S, +,e) be a commutative semigroup with neutral element e . A bounded semicharacter is & func-
tionp : S—> [ -1, 1] such that p(e) = land p(s + t) = p(s)p(t), s,t € S. Let H be a set of some
bounded semicharacters, M( H) be the set of all finite Radon measures on H. Then holds the homeomorphism theo-
rem: The mapping 4 — L,: = J.”o(s)p(dp),s € S is a homeomorphism from M( H) to a sibset of R®. Using
this theorem, a new and simpler proof is given for the corresponding canonical propositions of the random measure
on a locally compact space, without the second countability condition.
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