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Abstract: Appling the Morse-Bott theory to Chern-Simons functional the U(1) -equivariant Seiberg-Witten-Floer homolo-

gy and cohomology of Z -homology 3-sphere, their pairing and module structures are defined, and it is proved that they are

topological invariants.
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Seiberg and Witten!! discovered their monopole
equations in 1994. Kronheimer and Mrowkal?! soon re-
alized its importance and applied it to the long-standing
Thom conjecture. Taubes proved that symplectic 4 -
manifolds have nontrivial invariants and settled the con-
jecture related to the existence of symplectic structures.
Donaldson theory naturally leads to the instanton Floer
homology of a 3 -manifold. Similarly, the Seiberg-Wit-
ten theory leads to the Floer homology of Chern-Simons
functional defined by a spin® manifold (see [2]). Tt
is wellknown that the Seiberg-Witten equation has no
reducible solutions if the line bundle L has nontrivial
first Chern class. M. Marcolli defined the Seiberg-Wit-
ten-Floer homology of 3-manifold in these cases.
B.L.Wang gave the definition of the Seiberg-Witten-
Floer (SWF) homology of homology 3 -sphere where
any line bundle has trivial first Chern class. In this pa-
per, we will apply the Morse-Bott theory to the Chem-
Simons functional and define the U(1) -equivariant
SWF homology and cohomology of Z -homology 3 -

sphere.
1 Preliminaries

Let f: M - R be an invariant smooth function on
a Riemannian G -manifold M . In this section, we will
give some results about Morse-Bott theory. For full de-
tails we tefer to [3]. Tet a be a critical orbit of f.
Define the rank of the negative normal bundle as
i(a). Denote the critical orhits by a,3,* . Due to
the presence of the Riemannian metric we can consider
the gradient flow of f . Tet.#(a,f) be the moduli

space of the gradient lines tending to a for 1 —>— o0
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and to B for t — o,
parametrized in the sense that if y(¢) € .#(a,B)
then for £y 2 O the line Y (¢ + ty) represents a different
element of . #4(a,f) . The quotient by the R- action

The gradient lines are

is the reduced moduli space denoted by 74)(a B) .
When the moduli spaces are cut out transversely, that
i3, when they are transversal intersections of the slable
manifold of 8 and the unstable manifold of « , it {ol-

lows that:

dimy@(a,ﬂ) = dima + i(a) - i(8) -1
The moduli spaces come equipped with smooth

G -equivariant upper and lower end-point maps

els la,p) > asep: Hyla.p) > p
obtained by following a gradient line as it converges to
a point on a critical erbit. We can compactify the mod-
uli spaces by adding strata of factorisations of gradient

lines through intermediate critical points ( compare

[3])
i(a,B) =U (e, 7)) Xy, (71 72)

X" Xy, ’\//4)( Vn-1 ’B)

where the union is over (possibly empty) sequences of
eritical orbits 7; with i (8) < i(y,;) < -+
. The fibred products in this compactfication ensure

< ila)

that a broken gradient line will rest and resume from
the same point on an intermediate critical orbit. The
compactified moduli space has the structure of a mani-
fold with comers where the number of breaking points
gives the codimension of the stratum. Moreover, the

endpoint maps extend smoothly over the lower strata,
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and coincide with e} on %(a,yl) and ez on

74)( Yu_1-B) . let f be an invariant function with
transverse moduli spaces. The critical orbits and mod-
uli spaces may be oriented such that the orientation of
the codimension one stratum of the compactification
above agrees with its orientation as a boundary. We de-
fine a co-complex

Cct =@i(a)+i=k*(2é:(a>

with differential given by a matrix

d(,w lfa = ﬁ
-1 r{w)( ,+ . o
(d)o,go = ( i _>(f"> if ia) > i(B)
6ﬂ w
0 otherwise

where the map (e} ) « is the integration along the fiber

of the bundle e} :?/%(a , B) = a and the complex
Cer = @1<a)+i=1ch,i(a)
with differential

9077 ifa = ﬁ
1Y (ez), o
(af)f‘)a,;ﬂ? = (-1 . (_x_eﬂ) if i(a) > i(B)
(ex)" 7
0 otherwise

where r(w) and r( 77) are infegers known as the form
ranks of w and 7 and d;; and 9 are the differentials of
the ordinary equivariant cohomology and homology re-
spectively. For an equivariant form v , we define the
form rank r(v) to be the maximal degree of differential
form appearing in the expression of » . It is easy to see
that we have the fo]l?)Wing version of Stokes theorem.
Let w: E — B be a fibre bundle with
fibre ¥, a compact manifold with boundary. Denote
by 7, the fibre bundle restricted to the boundary of F .
Then for w € Q*(E) ,
T (dw) = dr(w) + (- DH(1) « (@)

where | = r(w) - d + land d = dim F . The pair-
ing between equivariant cohomology and homology can

be defined as follows (see [3]):
(Dee @ Ter @Ko @ L @ =
2 AKX ® Tarte @ Lada
Lemma 2) For 6 = U(1) , (dyg),p = 0,
(@9)ap = 0,(dx)% 5 = 0,(39% 5 = 0,if i(a) -
i(B8) > 2. Let Y be a compact, connected, closed,

Lemma 1

oriented Z ~ homology 3 -sphere. Every spin® structure
on Y induces a spin® structure on the 4 -manifold X =
Y x R by pullback; that is, there are two spin® bun-
dles S* and S~ and they can be identified vie the Clif-
ford multiplication by dz , both can be identified with

the spin® bundle S on ¥ . Since Y is a spin manifold,
we can write the determinant bundle of § as L2 for some
line bundle L on ¥ . The Seiberg-Witten equations for
Y x R are the equations for a unitary U(1) -connection
A on L and a spinor section ¢ € I'(S) :
Fi = 1A eep,¢ret N e, Dyp =0 (1)

where F'} is the self-dual part of the curvature of A ,
and e; |4_ is the orthonommal frame for T( Y x R) act-
ing on spinors by Clifford multiplication. Write ¢’ 14_,
as the dual basis elements for T* (Y x R) . Denote
the Hermite inner product by {,) and sometimes write
gr¢ = (¢1,¢2). Here Dy is the Dirac operator on
T(Y x R) associated with the connection A . We say
that a pair (A, ¢) is in temporal gauge if the d¢ -com-
ponent of A vanishes identically. In this paper, we as-
sume that (A, ¢) is in temporal gauge. So we only
consider the gauge group & = Map(Y,u(1)) . It is
easy to see that equation (1) is invariant under the
gauge group % '. Denole the space of all (4, ¢) by .4
and B = 4 &,

Definition 1 For a fixed unitary connection B on
L , define the functional CS:.-%4— R/Z as follows:

CS(A) = [ (A= B) A Fys

Jy<¢,9,{¢>dv01( Y)

where {, ) denots the ordinary L2 immer product.

For Z -homology sphere, it is easy to prove that
CS is a &-invariant functional. So CS can be reduced
to the quotient space % . Fix a base point y4 € ¥ and
define the group of based gauge transformations as %
= g € ¥l g(yy) = idl . Then % acts freely on 4
and we denote the orbit space by % . On %) there re-
mains an action of %/ % = U(1) . In this paper, we
will use the subgroup % of based gauge transformations
of degree 0. Therefore, on the quotient space %, we
have a real-valued Z x U(1) -equivariant function CS.
The Z-action is free and we shall not mention it unless
necessary. We will primarilly study CS as a U(1) -in-
variant function on %, . Moreover, we need to use the
usual Sobolev completion of the spaces of connections
and gauge transformations to make sure that % is a Ba-
nach manifold. We say that the solution (A, ¢) € .4
of (1) is irredncible if ¢ %« 0 . Denote by #* the
space of irreducible pairs (A, ¢) modulo the gauge
group %, Denote by 4 the quotient space of the irre-
ducible pairs (A, ¢) modulo the action of the gauge
Then . is a smooth Hilbert manifold.

Now, we introduce the perturbed Chern-Simons func-

group % .
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tional CS, as follows:

CS,(A,¢) = J'y<A _B) A (F, - 2da) +

_l‘y< ¢, gp) dvol(Y) (3)

where a € 0'(Y,iR) . Furthermore, iis critical
point is the solution of the perturbed Seiberg-Witten e-
quation on Y :

* Fy = q(¢) + *da, dp =0 (4)
where q(c/)) is the quadratic function of ¢ , in local
coordinates q(¢) = 172(e; g, dre .

Now the perturbed Seiberg-Witten equation on ¥
x R (that is, the gradient flow equation) is

JA ; d
5= - q(g) - v da, 5 =0y (9)

Define the moduli space. #y , 10 be the solution
space of (4) modulo the action of &, and denote the
moduti space as. Zy _, for the irreducible solution space
of (4) modulo the action of ¥’. We have

Proposition |
an open dense set in * d ((2112( Y,iR) , sunch that

For any meiric g on Y , there is

. #y ., is a smooth O-dimensional manifold and the only
reducible solution (@ ,0) is isolated for any * da in
this set.

We denole the moduli space of finite energy solu-
tions for (5) which connect the two critical points a , b
as

Aa,h) = .
@ y(1) is the finile energy solution of
(5) modulo the gauge group ¥’
(1) @ lim_w7{(t) = «
@ ]im, -y 00 ')’(l) =5
Since there is a natural R-action on . #(a,b) (time
translation ), we define the R-quotient space by
(a,b) = . a,b)/R. Similar to [4], we may
assign an index i(a) 1o a critial orbit @ of the per-
turbed Chern-Simons functional and prove the following
resulis:

Proposition 2 Tet a,b,c € My, , with i(a)
> (b)) > i(c) . Suppose b is irreducible. Then for
T sufficienlly large, there is an embedding map g:
A a, b)) x at(b,e) x [T,o) > . #(a,c). b
is the reducible critical point, then there is a gluing
group U(1) arising from the stablisher of b in the glu-
ing map; this means that there is a local diffeomor-
phism,

g M a,b) x.B(b,c) x
Ul x [T,o)—>.#(a,c).
Proposition 3 Suppose a, ¢ are two irreducible

critical points with index given by i(a) = i(¢) +2.
Then the boundary of .#(a,c) consists of the union
Uisris) = i1+ Ha,b) x, H(b,c) where b runs

over the set of the irreducible critical point.

2  Equivariant Seiberg-Witten-Floer
homology

Our purpose of this section is to define the U(1) -
equivariant SWF homology, their pairing and module
structure for homology 3-sphere. Let ¥ be a compact,
connected, closed, oriented Z-homology 3-sphere and
assume that we have chosen a generic perturbation
functional CS, to CS defined in previous section. From
the previous section, we know that the module spaces
of gradient lines .#%(a, b) between the critical orbits
a,b of CS, are smooth U(1) -manifolds. These can
be studied as framed monopole moduli spaces on the
cylinder ¥ x R, modulo the translation action. In
fact, we can assign an index i( ) to each critical orbit
such that dim #p(a,b) = i(a) - i(b) + dim a -
1. Moreover, we have equivariant endpoint maps

el la,b) > a,elsp(a,b) —>b
Gradient lines only flow from critical orbits with higher
indices 10 ones with lower indices. Let g be the Lie al-
gebra of G = U(1) and denote by ™ (g) the symmet-
ric algebra on g , where elenients in g have degree 2.
Now we introduce the S ( g)c -modules CF .., (Y)
and CF%,( Y) 1ogether with the differential operators 6y
and D respectively as follows:

CFy (Y) = @Pita)+j= k*QG,j( a)
CF'UY) = @itarej- 2 ()

3(;77 ifa =15
S ).
(8.‘6>u,1177 = ( *e] lf l(a) > l(b)
(ed)™m
0 otherwise
dew ifa =15
(-1 r(w) ;— L
(Dy) g0 = ) } (,xe ) if ila) = i(b)
(e;) " w
0 otherwise

where the integer r(1]) equals to the form rank of %
(see Section 1); Q¢ « (a) and 04( @) are defined as
in Section 1.

Proposition 4 0% = 0Oand D% = 0 .

Proof We will deal with the case of cohomolo-
gy; the case of homology is formally the same. Let w
€ 0 (a) , where a is the critical orbit of CS, . We
need to prove thal for every critical orbit ¢ the compo-

nent (D%w), vanishes. If ¢ = a , then the conclu-
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sion follows from d% = 0 . Now assume ¢ == a . We
need to show that 2 b(D;;)c’b(D_g) b.a = 0. Ignoring
signs in the differential, this amounts to

SV (er)ulep) (e) o lel) w +

i(a) <i(b) <ile)
(ef)w(ey) dow + deel )« (e;) w = 0(6)

To prove (6), we first consider the structure of the

moduli space 74)( a,b) . From Proposition 2 and 3,
it follows that

D .4 (a,b) = a is an equivariant smooth fi-
bration of dimension dim e + i(a) - i(b) for all
moduli spaces to which we apply a push forward.

@ The codimension 1 boundary of dla,c) e-
quals to U ;. Zo(a, b) x4 25(b,c).

If we consider the form (e ) * w on the fibration
Mp(a,c) — a whose fibre is a manifold with bound-
ary, then (6) follows from Iemma 1.

Now, we may give the definition of equivariant
SWF homology as follows:

Definition 2 et Y be a compact, connected,
closed, oriented, Z-homology 3-sphere. Define the e-
quivariant SWF homology and cohomology of Y to be
the $* (g* )¢ modules HFS} . (Y) = H,(CFy .,
8% and HF Y (Y) = H'(CFy, Dy) , respec-
tively. Similar to the case of equivariant Floer homolo-
gy, we can get the pairing on equivariant SWF groups
as follows.

Proposition 5 For Y, we have (8 <7, w) =
<77,Dgw> which means that the pairing descends to
the equivariant SWF homology and cohomology. More-
over, the action of S* (g* )¢ is symmetric with respect
to this pairing. The proof of this proposition is similar
to that of proposition 4.3 of [3].

Next, we note that the equivariant homology and
cohomology are S (g”* )¢ -modules. Therefore, we
define the module structure as a chain map on the SWF
complexes through the direct sum, i.e.

CFy s =@ddc,«(a),CFg =@ (a)
where multiplication by an invariant polynomial $ &
S*(g" )¢ is just given by multiplication in each com-
ponent. Since the higher order terms of the boundary
operators are defined purely in terms of the differential
form part of an equivariant differential form, one sees
that multiplication by an invariant polynomial commutes
with the boundary operator. Therefore, this gives the
module structures on equivariant Seiberg-Witten-Foler

homology and cohomology.

3 Equivariant SWF cohomology and
homology are topological invari-
ants

In this section, we will use Floer’s idea to relate
the definitions for different choices and prove that the
equivariant SWF homology and cohomology are inde-
pendent of metrics, perturbation one-form and cobor-
disms. Suppose that there are two metrics go, gyon Y
with generic perturhing forms aq, @; respeciively such
that their SWF cohomology HF W (y, g0,0) s
HF ;SW( Y,g1, a;) from the Floer complexes
(CF3(Y,go,a0),Dy),  (CF3(Y,g1,01),D9)
are well-defined. The coresponding critical sets and
various moduli spaces are written as My, o , My, »

A ags by) s@(a, b)) , respectively, and so on.
Choose a path g,,0 < t << 1, of metrics on Y connect-

ing go, &1 -
Y x R with metric being a product metric outside [0,

1]and g, + di®> on Y x [0,1] . Then the perturbed
Seiberg-Witten-Floer equation in temporal gauge on
W ="YxRis

JdA J
a_t: *AFA-(I((,b)— *Ldaw ?(f=aA(/’

We consider a complete 4-manifold W =

where * , is the complex linear Hodge star on (¥ x
{t],g,) and @, is a generic path of the perturbing one-
We will denote the moduli
space of solutions connecting a critical point ag of CS,,

form connecting ag, a; -

and a; of CS,,1 by #p(ag,a,) . The endpoint maps
on the spaces .#p(ag,a;) defined by all critical
points ag, a; define a matrix of operators

Coya 2026 (ar) = Q¢ (ap)

w > (e ) (€5 )" w

what we use to define a map C: CF{%( Y,gl,al) —
CF k;( Y,go) . Similarly, we obtain a map on the e-
quivariant SWF homology complex. We will now prove
the following proposition:

Proposition 6 The map C is well-defined, com-
mutes with the S* (g~ )¢ action and we have the fol-
lowing conclusions: |

D C is a co-chain map: D4C + CD, = 0

@ ¥ the perturbation and metric are constant
(i.e.g, = gora; = ag) then C = id on cohomology.

To prove this proposition, we first need to de-
scribe the structure of the moduli space. Zr(ag,a;) .

Proposition 7 For a generic path o, , %5 ag,
a;) is a compact smooth manifold with the dimension
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given i(ag) — i(ay) . Moreover, given the orienta-
tionon W = Y x R, there is a natural orientation on
Abp(ag,a;) such that the following gluing maps are
orientation preserving local diffeomorphisms:
g “ag,ag) x (= o, - Tl x . #Hp(ag,a;) >
p( ag, a\)
g:W(ag,af) x [T, ®) x .Alal,a1)
Hp(ag, ay )
onto ends of .7 (ay,a;) , where T is a sufficiently
large positive number.
The proof of this proposition is a standard gluing
argument. Therefore, we omit it. The following corol-
lary immediately follows from the ahove proposition

Corollary 1 Suppose ag € My, and a; €

M ;*"u with index i(ay) = i{a;) . Then the oriented

codimension one houndary of . #( ag, @) is

U.#(ag,d o) Xaé»‘/élv'(ao' vap) U
Hu
U"/éF(amal') X(li-'/zo(all s¢11>
4

where ag , a{ mn over the set of the irreducible critical
sets M ff,,,o s M ;'7,1] respectively.

Proof of proposition 6 From lemma 2, we
know that the matrix elements of operator C are zero if
the dimension, i(ag) — i(a,), of .Zp(ay,a) is
large. Therefore, we only need 1o consider the moduli
spaces with the compacitification of corollary 4.3. Thus
the operalor C is well-defined. From the definition of
C, we know that C commutes with S* (g ” }¢ -action.

(1) letw € 27 (ay) , where a,is a critical or-
bit of CSaI . We need 10 show that for every critical
point a we have (D Cw) a * (CDyw) a, = 0. lgnor-
ing signs in the defferential, this amounts to

2i(es) s (eg) " (ef) o leg) w
E(eZO)*(e;;)*(e(f;)*(e;])’“w +

de(es ) v (eq) @ + (eq ) (eq) " dew = 0 (7)
Consider the form ( e, )" @ on the fibrations. #;(ag ,
a;) > ag and . Z%y(a/,a;) = a/ whose fibres are

manifolds with boundaries. Proposition 7 guarantees

that we may apply Stokes’ theorem to our cases.
Therefore, (7) follows directly from Stokes’ theorem
for a fibration with boundary, Lemma 1. This proves
that C is a co-chain map.

(2) If the perturbation and metric are indepen-
dent of time, then there is a translation action on the
moduli space. The vector field of this action is a fibre
for both €, and e, and, as a result, the only non-triv-
ial contributions come from translation invariant
monopoles. These are constant and this shows that C
=id .

To prove that the U(1) -equivariant SWF homolo-
gy and cohomology are topological invariants, we need
to prove the following proposition.

Proposition 8 Orientation preserving deffeomor-
phisms act natuarally on the equivariant SWF grdups.

Proof let h be an orientation-preserving diffeo-

morphism of ¥ . Then the map A induces a diffeomor-

phism h ;% — 4% . Suppose that a is an appropriate
generic perturbation one-form of the Chern-Siomons

functional. Then h( @) gives another generic perturba-

tion one-form of the Chern-Simons functional. More-

over, 71 maps critical orbits and gradient flow lines of
CS, to those of CSy,) Therefore, the diffeomor-

phism A induces a map between the two complexes de-
fined by the two perturbation one-forms. From Proposi-
tion 6, it follows that the homology of these complexes
are isomorphic and thus we obtain a natural map on the
equivariant SWF groups.

References:

[1] WITTEN E. Monopoles and 4-manifolds[ J]. Math Res
Letters, 1995(1):769 —796.

[2] KRONHEIMER P B; MROWKA T S. The genus of em-
bedded surfaces in the projective plane[ J]. Math Res Let-
ters, 1995(1) : 797 — 808.

[3] AUSTIN DM, BRAAM P J. Fquivariant floer theory the-
ory and gluing Donaldson polynomials[ J] . Topology, 1996,
35:167 - 200. ‘

[4] AUSTIN D M, BRAAM P J. Morse-Bott theory and equiv-
ariant  cohomology [A]. In: HOFER H, et al eds.
Birkhanser| M]. 1995, 123 - 183,

WA =4ERR A U(1) 23 Seiberg-Witten-Floer IRl )8 A

RAER,

g R, St

(1. WM TR R R, IR KU 4100045 2. PILRFEAR, 7&K T 510275)
8  E. ;3% Chern-Simons 2 B FH Morse-Bott B8, Z -] 4 = 4EER i 1 2575 Seiberg-Witten-Floer T [eil JEIZE A I ) I8
e, RLACE TN AR M RE e X, I HIR AR e IR Ib A4 &/

*%iﬂ U(t) %745, Seiberg-Witten-Floer [F] 3% ; b A B



