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Abstract: A model of a single server with infinite buffer is established and it is shown that if the queue length has finite

second-order moment, then the input pocess being strong asymptotically second-order self-similar ( sas=s) is equivalent to

the output process als bearing the sass poperty.
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Several empirical studies "7 on the [AN, the
VBR video traffic, the ISDN and other communication
systems indicate that these traffic are self similar in na-
ture. In the light of these strong experimental evidence
it is Important to examine in more detail the possible
implications that self similar traffic may have on the
design and performance of network systems. In particu-
lar, an important question is whether a sewer mecha-
nism will change the self similarity nature of the traf-
fic. Vamvakos et al'? consider a special case of a
leaky bucket system with long Tange dependent input
traffic, and prove that the output (departure) process
is also long Tange dependent.

In this paper, we consider a model of a single
sewer with infinite buffer, and prove that when the
second-order moment of a queue length process is fi-
nite, the stong asymptotically second-order self-simi-
larity (sass) poperties of the input process and of the
output pmocess are equivalent, which means that the
self-similarity poperty will not be removed or added by
any sewver mechanism with finite second-order moment
of queue length.

1 Definition of Self-similarity

We begin with the introduction of X = { X;, t €
I}, a semi-infinite segment of a second-order-station-
aty real-number stochastic process of discrete argument
(tme) ¢+ € [ 2 {1,2---}. Demote * = EX; < o©
and 6°= varX,<_ < are X; § mean and variance, re-

spectively .
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Denote the correlation coefficient of pwcess X by

E(Xﬁk—!?(Xz— ©) (1

Definition 1 A process X is called exactly sec-
ond-order self-similar ( es-s) with Hurst parameter H if

its correlation coefficient is
k) = ST+ =2 (k= 1)) 2
glk), k€1 (2)

A second-order stationary process

k) &

Definition 2
X is called long-range dependant pocess ([+d) with
Hurst parameter H = 1— /2, 0<C < 1, if its corre-
lation coefficient satisfies
r(k) ~ck " koo (3)
x'" = {X(zm), t € I} is the averazed (over
blocks of length m) process of X,

xim = i(Xm*m-H‘F ot Xm), m, t €L (4)

Vi = VarX(,m) and 7, ( k) are variance and correlation
coefficient respectively.

Definition 3
X is called asymptotically second-order self-similar
(as-s) with Hurst parameter H= 1—[3/2, 0<< <1,
if Jim (k)= g(k), k € I (5)

Definition 4 A second-order stationary process

A second-order stationaty process

X is called strong asymptotically second-order self-simi-
lar ( sas-s) with Hurst parameter H = 1— /2, 0<<
< L, if

Vo ~ d(m)m ", m— oo (6)
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where L( m) is a slowly varying function ( svf, Refer
to the Appendix E of [ 4] ), ¢ is a constant, 0<Z ¢<<
OO-
According to the Definitions above and the Theo-
rem 2 of [ 5], we have the following relationships
XisessXis lrd ™
X is sas s =X is as s

2 The main result

We consider a single sewver queueing system with
infinite buffer. For simplicity, suppose there are two
classes of customers, and derote the input pocesses of

such that

respectively, are the corresponding output

the two classes of customers by X and Y,
X, and Y,
p1ocesses. (X, X,) is the mput- output processes pair
that we are going to study, and (Y, Y') represents all
other input-output processes pair. Denote X (m) , X (m)
the averaged ( over blocks of length m) processes of
X, X respectively. We define X', the queue length
pocess corresponding to the arrival process X as

X,=the number of customers in queue from X at
time .

Assume that the average service rate is ¥, and
input pocesses X, Y are stationary and ergodic with
arrival rate of @, B which satisfy the stability condition
of a=+3<C 7. According to the results in [3, 3], we
may consider a stationary regime in which the output
process X', the queue length process, X, is stationary
and ergodlc and has finite second order moment,
(i.e. EX?<< o). let rm(k) be the mmelation weffi-
cient of X ™ .

Theorem In sationary regime, if X; has a fi-

nite second order moment, then the followings are e-

quivalent;
(1) Xis sasfs with Hurst parameter H (i. e. Vi,
~cL(m) m ,m—> o9,

(2) X'is sas-s with Hurst parameter H (i. e. Vm
~cL(m)m
where L (m) is aslowly varying function ( svf), H=
1—B/2,0<< B<C 1, and c is a constant.
Proof: First of all, we show that
X = X" = (X=X m)/m o (T)
Denote by A and C the time points ( t—1) m,
and tm,

’m%OO).

respectively. B and D are the corresponding
virtue output time points of a customer input at time (
—1) m+, tm under a FIFO regime. Note that it is
uncertain that there is a customer input at this time,
and the service is not necessary FIFO which will not ef-

fect the queve, length. and, output process. We denote

the numbers of output customers of input process X a-
mong the time intervals 4B, AC, BD, @ by
HAB), F(AC), #(BD), ¥ CD), repectivily.
Therefore, we have
X”’“ H(BD)/m, X" = £(4C)/ m,
= FH D), X(ryn= #(4B) (8
then ,
xm —x/m =1 #(BD)— #(4C) |/m,
X = X(rym=| # D) — #4B) | (9)

(+-1ym fm l)m tm
X .
i
* \ e i ~.
A B C cC B D
(a) B<C WE=C

Fig 1 The input and output points of X
Note that if B<Z C (as in Fig. 1a) then
#(BD) = # CD) + # BC),
#AC) = #(4B)+ #(BC)
On the other hand, if B = C (as in Fig. 1b) then
#(BD) = #( @) — # ),
#AC) = #(4B)— #(CB)
In both cases, it is true that
H(BD) — #(AC) = H (D) — % 4B)  (10)
That is X" — X(m) = (Xomn—X(—1ym)/ m.

Next we will prove an inequality
var”(Xﬁ’")/ V%z
va (A VR X vsY) <
XM V) <
var’2( X\ 2) +
va 2V = x M Ay ()
This 1nequa]1ty is equivalent to
var”2(X(™ ) P2y — varl/z((X(m)/ P2 1<
var XX =XV (12)
and (12) are squared in both sides
var( X\ / V) 4 var X" Vi) —
2var1/2(X(tm)/ sz) Varl/z(Xt(m)/ Vi) <
var( X"/ VR XMV (13)
Using var{ X— Y) = varX+varY—2cov( X, Y) , we
can translate (13) into

cov( X"/ Vlrﬂz),X;(m)/ Vit <
var (X v val (XM vt (1)

That is right because
cov(Xgm)/ Vi), X(m)/ Vi)

varl 2" v va (X V)
So, we have proved (11).

< 1(15)

Now we will, prove, that if Vm ~ oL(m) miﬁ, m
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— 00 then V;,, ~ cL(m)mfﬁ,m9 o,
By (9), we obtain
X v = x v =
(Xon —X(t-vm)/mVm" (16)
Since V,, ~ (:L(m)mf[3 , we have
mVi? ~micl(m)m "}V =
(d(m)m® )12 > com—>co (17)
By stationary and X, has a finite second order moment,
we have
var( X)) = val( X(—1ym) = var(X) << o= (18)
Using (17) and (18), we can get the limit of the vari-
ance of the right hand of (16)
”]I.i_lngaI‘[(XtmiX(t*l)m)/ mV%Z] =0 (19
So, the variance of the left hand side of (16) has limit
limvarl X"/ V2= X,™/ Vi) =0 (2)
Since
Varvz(/\’ﬂm)/ Vl,,/lz) = Varm(X(,m))/ V%z: 1 (21)
(11) can be writien as
l—varl/z(X;m)/ Vlnﬁz—X/t(m)/ Vit <
Varm(X;(m)/ Vit <
Lvar (X V= X" V) (2)

Let m—>c2, we get that

lim var(X "/ V4% = 1 (B)

By the definition of V,,n, we have
lim Y/ Ve = 1 (24)
that is V;,, ~cL(m)m *, m— o (25)

Reversely, by analogous arguments, we can prove
. ool
that X is also sas-s, if X is sus-s.

3 Application

This result provides strong evidence to support the
empirical observation that there is self-similarity ( or
long-range dependence) in traffic carried by various
networks. Indeed, what it has demonstrated is that this
self-similarity property cannot be removed by the kinds
of flow control schemes that retains finite second-order

moment of queue length.

ATM

The result can be applied to network traffic control
for statistical end-to-end delay guarantee on the net-
woiks. In [ 6], a statistical delay bound on an single
AT switch with self-similar Input Traffic has been
given, according our result, the output process retains
the same self-similarity property of the input process.
Therefore, we can apply the same statistical delay
bound on the subsequent ATM switches for this connec-
tion. The advantage is that we only need to calcuitches
along the same connection. Furthemore, given the
method for determinating the worst case cell delay for
an ATM svitch with self-similar input traffic, with this
pwoof, we can detemine the end-to-end delay for such
real-time communications in an ATM network by sum-
ming the cell delay experienced by each of the ATM
switch in the connection.
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