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Improving the Effective Hamiltonian

CHENG Xiao ni', LUO Xiang gian', KROGER Helnut’

(1. Department of Physics, Sun Yatsen (Zhongshan) University, Guangzhou 510275, China;
2. Départment de Physique, Universitt Laval Qu€bec, Qu€bec GIK 7P4, Canada)

Abstract.: The effective Hamiltonian method is useful for describing the physics in the low energy regime. 'The basic idea is to
construct the effective Hamiltonian from the quantum transition matrix elements. The transtion matrix is calculated more precisely

than before in order to improve the precison of the relative physics value. A simple 1 -spatial dimension quantum mechanical sys-

tem is considered as an example.
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One of the most popular non perturbative methods in
quantum theory is to do numerical simulation on an Eu-
clidean lattice. In the standard Lagrangian formulation,
itis very difficult to study excited states. To solve this
pwoblem, a new approach (so called effective Hamiltoni-
an)“I was proposed recently. In Refs [ 2— 8], we in-
vestigated many quantum mechanical models using this ef-
fective Hamiltonian algorithm. We computed some ther-
modynamical observables such as the average energy, and
specific heat. For the free particle system, we calculated
the spectrum and wave functions in the low energy re-
gine. The results are in very good agreement with those
obtained using analytical and lor Runge Kutta methods.
The calculation of the quantum transition matrix ele-
ments is an essential ingredient of the algorithm. In those
previous papers, we made an approximation for the matrix
elements. In the curent paper, we try to calculate the
malrix elements using a more precise method. A simple
quantum mechanical system is used as an example. The

results indicate impwvement.

1 Algorithm
The basic idea of the effective Hamiltonian method

for one body quantum mechanics has been described in
details in Ref. [ 1] .
construct an effective Hamiltonian Her (finite N>X N ma-

) ) .
What is new in our method = 1is to

trix) thwugh calculation of ( imaginary time) transition
anplitude between an initial state at position xi, and
time fi, and final state at xr and #.
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where § = de t|: mxTJr 4 x)] is the action for a given
L

path, and 7 = ¢y — # is the time difference. In (1),
E} and | E) ) are the corresponding n th eigenvalue and

eigenvector.
N
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Hy is the effective Hamilionian. Since the theory de-
scribed by H, which has an infinite basis in Hilbert
space, is now approximated by a theory described by Hes
which has a finite basis, the physics of H and H. might
be quite different at high energy. Therefore, we expect
that we can only reproduce the low energy physics of the
system.

To get the correct scale for the spectrum, the posi-
tion state |x, ) at initial time # or final time t; (Bargman
states or box states) should be properly normalized. We
denote a nomalized basis of Hilbert states as | e Yon =
1, ---, N. In position space, it can be expressed_as
1 [Ax X €[ xn, xot1]

0, x €= [ 2, xnt1]
where Ax; = xot1— X
choosing a basis for the initial and final states. The sim-
plest choice is a basis with Ax, =const., which is called

e, (x) = (3)

Ther is some arbitrariness in
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the “egular basis” .

As explained above, the calculation of the transition
matrix elements is an essential ingredient of our method.
The matrix element in the normalized basis is related to
(e by Ixa, ) by

My, = e, tp e, 1) =
x 0 X, "y | " £
J, ]dx’J g et XL ) (4)
x x JAx: Dxy

Only in a few cases, the transition amplitude (x,, tr ‘

n n

x, 1) can be omputed analytically. In most cases,
Monte Carlo algorithm has to be employed. Details can be

found in our previous papers.

In the previous papers [ 1 —8], we approximated
the integral in (4) by the integrand multiplied by the up-
per and lower limits, i.e.,

My, = [Bx,;Dx, xv tp I x,, 000 (5)
It is as an approximation method. In this paper, the 2di-
mensional integral in (4) will be calculated by numerical
integration .

The spectrum E and wave function | E,') of the ef-
fective Hamiltonian can be obtained by diagonalizing M
using unitary transformation

M= UDU (6)
where D = diag(exp( £ T/h), -, exp( ExT/h).
And the wave function is the nh column of U. Once
the spectrum and wave functions are available, all physi-
cal information can also be obtained. For example, the
themodynamical quantities can be approximated by

Za( B) = ;exp(— BE‘#)

Ul ) = 7 eXpZ((_BfBE”) (7)

Ca(B) = ksgz[ > (Bl opt B szw)]

where B = T/ and kg is the BoltzZmann constant.

2 Exact results for a simple system

To see how the integration method work, we consid-
er the free particle system. One can get the analytical ex-
pression for the transition amplitude

Gl Ix 6y = /Z%Texp[%(x/x”)z] (8)

and the following thermodynamical quantities

Z(B) = ZT—’:z_BJ«dx
U(R) = S cp = 2 (9)

For a finite basis, the model is reduced to a system

Vi x) = 0, xE[—ahk ab)

oo, x&[—a/Z,ab]

with infinitely deep well potential
{e (10)

where @ = NAx.The n th eigenvalue and wave function

_ 1| arh g
E”_Zn[ a]

are exactly known:

The transition amplitude is given by ( 8) inside the well
and vanishes identically outside the well. With the in-
crease of the width of the well a = NAx, one should ex-
pect that the model will have a tendency towards the free
theory. This is indeed observed in our previous calcula-
tions.

3 Numerical results from the effective

Hamilonian

The input parameters of the model are m=1 and h
= 1. Because this is a stationary system, we can in
principle choose any value of 7. Here T=0.5 is consid-
ered. Correspondingly, we construct a regular basis of
size N=100 and distance 2x, =Ax,=1. This leads to
the width of the well a=100. The analytical foimula for
the transition amplitude ( 8) is substituted into (4) and
then M, matrix M is calculated by Simpson s 18
quadrature. Using the Jacobi method to diagonalize the N
X N matrix M, we get the eigenvalues and wave func-
tions of the effective Hamiltonian as well as the thermody-
namical quantities, as discussed in details in Sect. 2.

The spectrum and wave function from the effective
Hamiltonian are consistent with (11) . The results for the
first three wave functions are plotted in Fig. 1. As one
sees, they are in good agreement with the analytical re-
sults.

Tables 1 and 2 compare the analytical results of the
eigenvalues with those from the effective Hamiltonian with
the matrix elements computed by integration and approxi-
mated methods. Very small B is equivalent to very high
temperature. This regime can not be studied very well,
because many higher excited states contribute. (It has
been stated that the effective Hamiltonian is good for in-
vestigating low enemwy physics) . At some lower tempera-
ture or larger B, the results from the effective Hamiltoni-
an appoach the exact ones. Mostly, the integration
method gives results closer to the analytical data, as
shown in Tab. 1 and 2.

4 Discussions

In, this paper , we have tried to improye the effective
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Hamiltonian method by applying the integration method to

the computation of the matrix elements M., .

Once M, is

known, a lot of physical information can be obtained.

For the infinitely deep well potential, improvement is ob-
served. We should also note that in general, the transi-

tion amplitude <x,', | X,, £} in My, has to be evaluat-
ed by Monte Carlo simulation. In this case, the combi-
nation of the integration and Monte Carlo might consume a
lot of CPU time. We hope to further investigate this prob-

lem in the future.
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Fig 1 Wave function of the ground state (a), the first excited state (b) and the second excited state ( ¢
Tab. 1 Mean energy [2 LUO X Q, HUANG C, JIANG J, etal. Monte Carlo Ham-
in approx in appiox iltonian from statistical physics to quantum theory [ J] .
exact U U™ exact U™ U™ 1 phy qu y
PU I (L a e Physica, 2000, A281; 201— 206.
0.1 5.0000 1.7921 1.3310 0.8 0. 6250 0.6322 0.6264 [3 LUO X Q, JIANG J, HUANG C, et al. Quantum theiry
0.2 2.5000 1.5226 1.1965 (0.9 0.5556 0.5646 0.5677 with many degrees of freedom from Monte Carlo Hamiltonian
0.3 1.6667 1.2925 1.0727 |[1.0 0. 5000 0.5091 0.5168 [ J] . Nucl Phys, 2000, 83— 84B ( Pwc. Suppl ):
0.4 1.2500 1. 1011 0.9605 (1.1 0. 4545 0.4631 0.4729 812.
0.5 1.0000 0.9445 0.8602 [[I.5 0.3333 0.3394 0.3474  [4 ~ HIRARI H, KROGER H, HUANG C, et al Monte Carlo
0.6 0.8333 0.8177 0.7716 [2.0 0.2500 0.2548 0.2583 Hamiltonian [ J] . Nucl, Phys, 837 84B (Proc Suppl ).
0.7 0.7143 0.7152 0.6939 |p.5 0.2000 0.2043 0.2056 953 955.
[5 JIANG J, HUANG C, LUO X Q, etal. Monte Carlo Ham-
iltonian application to (2+1) -dimensional quantum mechan-
Tah 2 Spedfic heat ics [J]. Commun Theor Phy, 2000, 34; 723— 728.
ot ciu C% co cH Cc% [ 6 LUO X Q, XU H, YANG J, eta. (3+1)
B ky ke kg B ky s ke quantum mechanics from Monte Cado Hamiltonian: Hamonic
0.1 0.5 00288 0.01390.8 0.5 0.4777 0.4029 ‘)LSUﬂéla;(or & ‘IRiol;I“ml‘{‘“ i‘;‘(’; (fEhES’H 2001, 1361‘\4 ~ 18' 1
0.2 0.5 01000 0.0517[0.9 0.5 0.4944 0.4419 | XQ. o ) St &, Ylons Laro
0.3 0.5 01893 01063 1.o 0.5 0508 0.4723 Hamiltonian: generalization to quantum field theory /100 X
’ ’ ’ ’ ’ ’ ’ ' Q, GREGORY E, eds. Non-perturbaticr methods and lat-
0.4 0.5 0.2771 0.1670 |I.1 0.5 0.5086 0.4951 tice QCD [M]. Singapore: World Scientific, 2001;
0.5 0.5 0.3520 0.2358 |[I.5 0.5 0.5094 0.5335 1L
0.6 0.5 0.4097 0.2987 2.0 0.5 0.5057 0.5312 (9 LUO X Q, JIRARI H, KROGER H, e a. Algorithm for
0.7 0.5 0.4507 0.3550 P.5 0.5 0.5048 0.5216 computing excited states in quantum theory // ACAT 2000.
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