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Abstract: A dassical esult says, for a self similar set satidying the strong separation condition, one can define a continuous
self -mapping on it with the normalized Hausdorfl measure of the self similar set as its invariant ergodic measure. A necessary and

sufficient condition for the nomalized Hausdoff measure to be a measure with maximal entropy for the self mapping is given.
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1 The main Problem

Let D CR"(n>> 0) be a closed region and E the
self similar set determined by the similarities S;: D — D
with the similar ratios ¢; € (0, 1) forj = 1,2, ---, m, m
> 1. Let E satisfy the open set condition, that is, there
is a non empty bounded open set ¥ CR" such that

,Q.Sf( n oy

S(NASN = 01<i<j<m
The Hausdorfl' dimension s = dim#( E) of E is de-

termined by Zcf = 1 and its s dimensional Hausdorff
=

measure satisfies 0<< H ( E) << o." Furthermore, let E
satisfly the stiong separation condition (SSC), namely,
S(EYNS(E)y= 0, 1<<i<j<m
Then we may define a continuous self mapping
f+E—E,
f(x) = 8,1 (x) . x €S,(E).j= 1.2 ~m
This is a discrete dynamical system. Using it, we may
delve into the more profound fractal behaviors of E, for

instance, its properties of Hausdorfl measure.

Denote by * the restriction of Hﬁ]—f on E. The
restriction of  on the Borel ¢algebra of £ is a pwobabili-
ly measure. A classical result says that # is invariant and
ergodic for f, which is independent of the similarity
ratios .

A remaining pwoblem is whether * is a measure with

maximal entwopy for f or not, that is, /e (f) = ent( f) or
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not, where the former is the measure theoretic entropy of f
with respect to # and the latier is the topological entropy
of f. By the Variational Pﬁnciple[3] , there holds always
hu( f) << ent(f) . This note solves the problem and the
conclusion depends upon the similarity ratios.
2 Main theorem and its Proof
Theorem [ is a measure with maximal entiopy for
[fiff ¢;= c= const. for 1<_j<_m.
Proof Let S = {1,2, ---, m} be the state space
with m symbols and %, = {i = (i1is iy =) : iy €S,
Vn =1}, thatis, 3, is the one sided symbolic space on
the state space S. Define
o; %, > Zm,
G( i1is ) = ( ia, 03 )7 V( i1is )

namely, o is the one sided shift. Forany i = (7,4, -+)

€ 2, it is easy lo see that nO]Sil Si, =Si (E) is a sin-
gleton and the unique point contained in it is denoted by
x; € E. By SSC, it is not hard to see that this correspon-
dence is bijective. Define

h: %, > E

h(i) = x;, Vi € 3,
It is easy to prove that 4 is a topological conjugacy from o
to f, namely, % is a homeomorphism from 3, onto A
and there holds ho= fh . Hence, their topological entro-
pies are identical, that is, ent( f) = ent( 06) = log m?.
It is not hard to see that

h({i= (iti2--) 0 = j}) =

(1999055810) ;
(0IM?2)
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Si(E),j= 12, - m (%)
and that 4 induces an affine homeomorphism between
M( 3,,0), M(E, f), which are the sets of the invariant

measures of 6, f, respectively:
h i M( 3, 06) > M(E, f)
R (M (A) = (h(4)),
VM€ M2, o), Y4 € ARE)
where .% denotes the Borel o algebra of EPY . Hence,
there is a unique 1 € M( 2, 0) such that & *( N =t=

————H .Take A= S;( E), by ( *) and the definition

H(E)

of h , it is easy to see
N{i= (iriz-):in = j}) =
H(S(E) = G.j= 1.2 m

A Cfn) is a probability vector and it is
¢w) shift with 17

[3], we have
S
== 274

1
By Theorem 4.2 and Corollary 4.2 1 in Ref. [ 3],
¢ = const. for 1 <{j<m.

s s

Note that ( ci, c2,
. s s

well known that o is the ( ¢1, ¢2, -,

According to (7) in Ref.

“log ¢

ha( 6) = log m iff ¢; =
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Furthemore, it is not difficult to see that the homeo-
morphism /: %, — 2 induces an isomorphism from the
probabhility space ( 2, A 2u), M to the probahility
space (E, A E), m By Ref. [3, theorem 4. 11],
we have hq(0) = hu(f) .

Finally, summing up the above, we get that Au(f)
= ent(f) = log m iff ¢ = ¢ = const. ,for | <<j <<m.

The problem is done.
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