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Abstrace: It is shown that let G be a bipartite graph withbipartition (X, ¥) and with a perfect matching M, then G is 1-
extendable if and only if G has an ear decomposition G= e+ P, + P,+ ---+ P, such that e € M and each P; is an M -
alternating path starting and ending with edges in E( G) \ M. Then a polynomial time algorithm is provided to detemmine 1 -

extendable bipartite graph by finding the ear decomposition.
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1 Introduction and terminology

This paper only discusses bipartite graphs. All
For the
teminology and notation not defined in this paper, the
reader is referred to [ 1] and [ 2] .

Let G be a bipartite graph with bipartition (X, Y) .
Let M be a matching of G and v € V(G) . If v is
incident with an edge in M, then v is said to be M -
salurated, otherwise v is said to be M unsaturated. If
every vertex of G is M saturated, then M is a perfect

graphs are finite, connected and simple.

matching.

The graph G is said to be 1-extendable if every edge
in G lies in a perfect matching. Let e be an edge. Join its
ends by a path Py of odd length C(the so called “ first
ear” ). The reader may now proceed inductively to build a
sequence of bipartite graphs as follows. If G-y = e+ P,
+ +-+4 P, has already been constructed, add an rth ear
P, by joining any two vertices in different colour classes of
G-1 by an odd path (i. e. P ) having no other vertex in
common with G—1. The decomposition G, = e+ Pi + -
-+ P, will be called an ear decomposition of G,.

The idea of Ear Decomposition of 1 extendable
bipartite graphs was first introduced by HetyeiI3I , and it
was developed by Lovdsz and Plummer * . The concept of
1 extendable graph is later generalized to n extendable
eraph (see [ 5] and [6] ).

This paper shows that, for any perfect matching M of
G, if G is 1 extendable bipatite, then not only G has
an ear decomposition G = e+ Pi1+ .-+ P,, but also
e € Mand each P;is an M altemating path starting and
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ending with edges in £ (G) \ M. In the last section, an
efficient algorithm is given to detemine 1 extendable
bipartite graph by finding such an ear decomposition.

2 A necessary and sufficient condition
for 1 extendable bipartite graphs

In the following, the authors shall give a necessary
and sufficient condition for 1-extendable bipartite graphs
using the ear decomposition such that each ear is an M -
alternating path starting and ending with edges m
E(G) \M.

Theorem 1  Let G be a bipartite graph with
bipartition (X; Y) and with a perfect maiching M . Then
G is lextendable if and only if G has an ear
decomposition G = e + Pi1+ P>+ ---+ P, such that e
€ Mand each P, is an M =alternating path starting and
ending with edges in £ (G) \ M.

Proof Necessity first. Suppose G is 1 extendable.
lete = xy € M. Since | ¥(G) = 4and Gis cn-
nected, either x or y is adjacent to another vertex,
without loss of generality, assume xx € E(G) and z 7
y. Thenxz € E(G) \M. By the 1-extendability of G,
xz can be extended to a perfect matching M ". Then the
component C of G MAMJ] containing zxy is an M -
alternating c¢ycle on which the edge appear in M and M
alternately, where MMM "is symmetric difference of M
and M. Let P, = C— xy. Then Py is an M -alternating
path starting and ending with edges in £ (G) \M. Now
the authors proceed inductively. Assume the authors have
corstructed G-1 = e+ P1+ P>+ ---+ Py such that

each P; is an M -altermating path starting and ending with
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edees in E(GQ) \ M. Suppose G 7 G,—. Since G is
connecteds there is an edge uz & E(G, ) and w €
V(Gr1) . Since every vertex in Gr—1 is incident with an
edge in ECG-1) (| M, then wvz & M. By the 1-
extendability of G, wz can be extended to a perfect
matching M'. Then the component C of G[MAA/[,]
containing whz is an M alternating cycle on which the
edges appear in M and M alternately, where ww €
E(G-1) ) M. Let P- = wz ---u be the segment of C
such that V(P.)() V(G-1)={w, u}, then Pris an M
alternating path starting and ending with edges in
E(G) \M. Then the authors get G- = e+ P1+ P>+
-7 P,, continue this procedure until G = G, for some
positive integer 7. Then the authors get the ear
decomposition G = e+ P, + P,+ -+ P, as required.

Now, the sufficiency. Suppose G has an ear
decomposition G = e + P, + P,+ .-+ P,, such that
e € Mand each P;is an M -altemating path starting and
ending with edges in £ (G) \ M. Then each path P: has
odd length joining two vertices in different colour classes
of Gi-1 having no other vertex in common with G-1 . By
Theorem 4. 1.6 in [ 2], G is 1wextendable. Hence the
theorem is proved.

3 A polynomial time algorithm for the
Ear Decomposition

This section gives a polynomial time algorithm to find
an ear decomposition G = e + P, + P,+ -+ P, such
that e © M and each P; is an M alternating path starting
and ending with edges in E(G) \M. I such an ear
decomposition exists, then it can be determined that G is
1 extendable and also the ear decomposition of G is
obtained. Othemwise G is not 1-extendable.

Algorithm 1

(1) Use the algorithm in [7] to find a perfect
matching M in G ; JoClvI®1ED

(2) If M does not exist, then RETURN (false); /
O (1) and G is ot 1 extendable.

(3) Lete € Mandlet Go= e, r= 0; // O1)

(4) While G# G, o //OCIE P)

BEGIN

(5) Take an edge wz such that w € V(G,) and
wz € ECG); /) OCE)

(6) Use Procedure 2 to find an M =altemating path
Pr+1 joining two vertices w and y in two different colour
classes of G- having no other vertex in common with G ,

such that P+, starts with the edge wz and ends with an

edge in E(G) \M; JoClE D

(7) If such a path Py does ot exist, then
RETURN (false); //O1) and Gis not 1 extendable

(8) Otherwise Gy1= G, + Py s //OCl v D

) r= r+1 /00

END;

(10) RETURN (true) and G: = e+ P+ P, +
ot P // OC1) and G is 1 extendable

Pwocedure 2 builds an M alternating tree T woted at
w starting with the edge wz using the edges not in
E(G).

The authors use the same idea for finding M -
alternating path as in the algorithm to find a perfect
matching in a bipartite graph. If T reaches a vertex y
(possibly y = z ) in V(G ), then the authors find a
(wy y) M =alternating path Pr+1 starting and ending with
edges in E(G) \M. If T does not reach any vertex y in
V(G:) until T can not be extended further, then such an
M -aliernating path P+ does not exist. Procedure 2 uses
breadth first search algorithm to build the M -alternating
tree T to find the M =alternating path P, , it takes
OCIE D) tme.

Now, analyse the time complexity of Algorithml.
The while loop of Step 4 repeats at most O( |E D times,
since every time P+ is added to G, and P+ has at least
one edge for each 7. Steps 5 and 6 take at most O ( 'E
) time, and Step 8 takes at most OC | ¥ ) time. The
whole loop of Steps 4—9 totally takes at most O ( 'E B
time. So Algorithm1 takes at most O( E P) time.

References:

[1] BONDY J A, MURTY US R. Graph theory with applications
[ M] . London: Macmillan Press 1976.

[2 TOVASZ I, PLUMMER M D. Matching theory[ M] . North
Holland: Elsevier Science Publishers 1986.

[3 HETYEI G. Rectangular configuration which can be covered
by 2X 1 rectangles[ J] . Pecsi Tan Foisk Kozh 1964, 8. 351
— 367.

[ 4] LOVASZ 1, PLUMMER M D. On minimal elementary
bipartite graphq J] . J Combin Theory Ser B 1977, 23: 127
— 138.

[5 PLUMMERM D. Extending matchings in graphs: a suwvey
[J]. Discrete Math 1994 127. 277— 292.

[6 PLUMMERM D. Extending matchings in graphs: an update
[J] . Congress Numer, 1996, 116. 3— 32.

[7 MICAILL S VAZIRANI VV. An OC | ¥ ['* | £ |) algrithm
for finding maximun matchings in general graphs[ C] . 21st

Annual Symposium on Foundations of Computer Science,
Syracuses Now Yoik, 1980 17— 27. ( 124 )



124 ( ) 2

R [1] MENZEL W. A new travelling wave antenna in microstrip
[J. AEU 1979 33(4): 137—140.
[2] OLINER A. leakage from higher modes on microstip line

90 1 — phase difference=0

--- phase difference=11.25 1 1 1 . 1 1
60 | Bre etz with application to antennas| J| . Radio Science, 1987, 22

— phase difierence=33.75 —
— Fhase diferenco=d (5): 907—912.
[3] LUXEY C, LAHEURTE J M. Simple design of dual-beam

120

antennas in micostipy J] . [EE Pwoceeding of Microwave,

JO AT SR Antennas & Propagation, 1997, 144(6). 397— 402.

180 Lot f TS s i o [4 WANGCJ JOUCTF, WUJJ A new twotemina feeding
active leaky wave antenna [ J]. IEEE Transactions on
Antennas and Propagation, 1998 46(11): 1749— 1750.

[ 3] WANG C J, CHIH Y G JOU C F. Beam-switchable
scanning leaky wave antenna[ J| . Electonic Letters 2000
36(7): 596—597.

[6] WANG CJ, JOU CF, CHEN IY. Electronicaly switchable

0~ 45
Fig 3  Pattern as the phase difference

vanes betwween 0~ 45

beam patterns using leaky -wave antennal J] . IEEE, 2001

Simulation of a Microstrip Leaky Wave Antenna
with Two -Terminal Feeding

LI Yuan xin , LONG Yun tiang
(Department of Electonics & Communication Engineering, Sun Yat sen University, Guangzhou 510275, China)

Abstract: The theowrtical analysis of a micwstrip leaky wave antenna fed by two teminals is presented. Besides the
beam switchable property, a new character of the beam scanning at the fixed frequency of the antenna was discovered,
which is believed to be useful in the application of mobile communications.
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