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Topological Structures of Teichmuller Spaces
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(Department of Mathematics, Sun Yat sen University, Guangzhou 510275, China)

Abstract; Several topological structures in finite dimensional Teichmuller spaces are studied. And it s proved that some

topological structures in finite dimensional Teichmuller spaces are topologically equivalent. A metric defined by the length

spectrum of Riemann suiface is given in infinite dimensionalreduced Teichmuller space.
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1 Introduction

Let X be a Riemann surface of hyperbolic type. For
any Riemann surface X¢of the same topological type as X
and any quasiconformal mapping fo: X — Xo., we
derote the pair (X¢. fo) as a marked Riemann surface.
Two marked Riemann surfaces (X1, fi) and (X2, f>) are
equivalent if there is a confomal mapping ¢: X1 > X»
which is homotopic to f2 °fi ' . Denote [ Xo fo] to be
the equivalent class of (Xo» fo) . The Teichmuller space
T(X) is the set of the equivalent classes .

As we know, Teichmuller ! gave a complete metric
on T(X) using the dilatation of extremal quasiconfomal
mapping:

dr(( Xn fil » [ X2 f2] ) = logK][ fo]
where fo: X1 — X is the extramal quasiconfomal
mapping in the homotopic class of /2 °f1 ', and K[ fo]
is its dilatation.
the
Teichmuller metric between two points is equal to the log

For topological finite Riemann surface X,

of the superum of the ratios of the extremal lengths of
simple closed curves on the corresponding Riemann
surfaces. The Teichmuller metric dr gives a topological
structure on T(X) . We Il give a topological structure on
T(X) by the extremal length functions of simple closed
curves. And we Il show that this topological structure is
the
Teichmuller metric. By the Fenchnel Nielsen cordinates
of T(X) . there exist a topological structure on 7(X)
given by the hyperbolic length functions of simple closed

topologically ~equivalent to the one given by
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curves. This topological structure will be shown to be
topologically equivalent to a topological structure defined
by a metric, the length spectum metric! >} which defined
by the log of superum of the ratios of hyperbolic lengths of
simple closed curves on the corresponding Riemann
surfaces. Combing with some of our previous results ',

show that these
topologically equivalent to each other.

we Il topological ~ structures — are

For topological infinite Riemann surface X, we ll
prove that the length spectrum metric still exist. This
metric defines a topological structure on T(X) . Almost
by the same way we Il show that the hyperbolic length
functions of simple closed curves define a topological
structute on T(X) . And these two topological structures

are topologically equivalent.
2 Topological finite Riemann surfaces

The
topological finite type and of non— elementary type. let

Riemann surfaces in this section are of
3¢ = {7i} be the set of the representatives of elements
(not including the unit element ) of the fundamental group
71 (X) of surface X . Let Ix(7) be the shortest length
under the Poincar€ metric in the freely homotopic class of
closed curve Y on the Riemann surface X . Iy (V) is also
called the Poincare length (or hyperbolic length) of 7 .
The sequence Ly (7;) corresponding to 2 is called the
length spectrum of Riemann surface X L Let Sy be the
set of homotopic classes of curves in 2y which dont
homotopic to a simple puncture and Sy be the set of

homotopic classes of simple closed curves in Sy. We
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introduce a metric on T(X) using length spectrum of

Riemann surface! > :

d([ X, fi] s [X>» f2] )=
log 6(( X1, fi]s [X2s f2] ) (O
where
CqX fil [ Xos f2] )=
L, (fCY)) Iy (V)
AN SO X e )
where f = f2 °fi '. This metric is called the length
spectrum metric of the Teichmuller space 7(X) . And by

the results of Thurstor>9, we know that the length
spectrum metric can be characterized only by the log of

ratio of hypeibolic lengths of simple closed curves on the
correspording Riemann surfaces. That is:
d( X fi] s [ X2 f2] )=
log 6([ X1, fi] [ X2, f2] s
where
e X, fi] [ X2 2] )=
be, (FCY)) e (0)
AR (D T L GO
f=foont
For any a € 3"y, let E«(X) be the extremal length of «
onX .
The following is a natural generalization of a result of
Kerckhoff! * ¥,
Lemma 1 For any two points [ X1, f1] and [ X2,
f2l in T(X) , we have

L Ea(Xl)

dr([ X f1] s [ X2l f2) ) = 2log agtg;l m

where f= f2 °f171, EUXI is the set of homotopic classes of
simple closed cuwes in Z,XI .

Remark This result for compact Riemann surface
was obtained by Kerckhoff 7. Because the proof of the
above result is the same as that of Kerckhoff, we omit the
details. On the other hand, we dont know for any
topological infinite type Riemamn surface whether the
above result remains valid.

By Lemma 1, we have the following embedding' ”

O, T(X)—> RY 2)
with

P Xo» fo] ) = {Efo“x> <X0)} =
for any [ Xo, fo] € T(X)

Gardiner and Masut” gave the above embedding for
Teichmuller spaces of nformal finite Riemann surfaces.
By Lemma 1, we know that the above embedding is still
valid for Teichmuller spaces of topological finite Riemann

surfaces.
. .10
Next we infroduce a vesult of Maskit ™ .

Lemma 2 For any ¥ € Sy, We have the

following inequality

L)
= <Ey(X)<%lx(7)exp[%Y)}

The metric dr defire a topological structure on
T(X) and we call it dr -structure and the metric d define
another topological structure on T(X) and we call it d -
In [ 4]
topologically equivalent to d on T(X) . So the dr-

structure. we proved that the metric dr is
structure is topologically equivalent to the d -structure on
TX) .

For any a € P Ef @ ([ Xos fo] ) defines a
function on T(X) as [ Xo» fo] varies on T(X) . Let 1I
= Ej o ([ Xos fo] )s @ € 3% be the set of extremal
length functions defired on 7(X) .

Theorem 1 The collection {/' (U) | U open in
R f € II} foms a subbasis for a topological structure
(E stucture) of T(X). The E- structure is
topologically equivalent to the d7 -structure on T(X) .

Proof Because the extremal length functions are
continwous on TGO . Tt easy to check that the
collection { /' (U) U open in R, f € I forms a
subbasis for a topological structure (the E -structure) of
TX) .

To prove the E -structure is topologically equivalent
to the dr -structure, its sufficient to pove the following:
For any sequence of points [ Xy fu]s n = 1,2, -+ in
T(X), they converge in the dr - structure if and only if
they converge in the E -structure.

First let the sequence of points| Xn, fu] s n =1, 2,
--- converges in the dr -stucture to some point [ X o, fo] -
Then by Lemma 1 and the embedding (2) . it easy to
know that the sequence of points [ Xus fu] s 1 =1, 2, -
converges In the E -structure to the same point [ Xo, fo] -

Secondly let the sequence of points [ X fu] » 1 =
1,2, ---converges in the E -structure to some point [ X o
fo] . Then for any €= 0, there exists some N, such
that forany n = N and any a € Sy,

|Efn<a>(Xn)*E;;)(a>(X0) < e
Because X0 is a Riemann surface of topological finite

types by the well known compaciness theorem, there
exists positive number B . such that for any a € ZUXO,

IXO(Ot) — B. By Lemma 1 and Lemma 2, for any a €
ZNXO, E.(Xo) =B/ 7. Soforn = N, and for any a
€ Xy,

Efn(a) (Xn)

€T
—1|1<
Efn(a)(XO)

B

This implies that the sequence of points [ Xn, fn], n
= 1,2, --- comnverges in the dr-structure to the same

pOint [ Xo, f()] .
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For any @ € =y, Ly o) ([ Xo fi] ) = Iy, (fo(a))
defines a function on T(X) as [fo, Xo] varies on
TCX). Let ¥ = Ly o ([ Xos fo] )» o« € = be the set
of hyperbolic length functions defined on T(X) . Then
the ollection { (1) |UopeninR, /€ ¥} forms a
subbasis for a topological stucture of 7(X) . This esult
can be obtained directly from the Fenchel Nielsen
coordinates of Teichmuller spaces of finite topological type
Riemann sufaces. We call this topological structure H -
structure.

Similar to the proof of Theorem 1, we have:

Theorem 2  The d - stmcture is topologically
equivalent to the H -structure on T(X) .

By [4], the d -stucture is topologically equivalent
to the dr -structure on T(X) . We have:

Corollary 1  The E - structure, the H - structure,
the d - stmctre and the dr- structure on T(X) are
topologically equivalent to each other.

3 Topological infinite Riemann
surfaces

The Riemann surfaces in this section awre of
topological infinite type. Just as the topological finite
cases, we define;

d( X, fi]. [X2 f2]) =
log ([ X15 fi]» [ X2s f2] ) (3)

where
CqX1 fil o[ Xos f2] )=
L, (fCY)) Iy, (V)

AR (T I ()
where f = f» ° fi ' . This defines a function on
T(X). From the proof of the relevant results of
Thurston' > ¥,

Riemann surfaces, the function (3)

for topological infinite
still can be
characterized only by the log of ratios of hyperbolic

we know that,

lengths of simple closed curves on the comresponding

Riemann surfaces. That is:
d(q X1, fil» [ X2 f2] )=
log O([ X1» fi]» [ X2s f2])

where
eq X, f1], [ X2 f2]) =
Le, (V) Ik (V)
S| (D I )
f=rcnt
We il show that d(° °)is also a metic for the
Teichmuller space of topological infinite Riemann
surfaces.

Theorem 3 d (*, °) is a metiic in the Teichmuller
space T(X) of  topological infinite type Riemann surface X .

Proof To prove that d (zy,z2) is a metrics it s
sufficient to prove

(a) d(z1,22) =0, forany z1.z2 € T(X), and
d(zi, 22) = 0if and only if z1 = z2 .

(b) d(z1s2z2) = d(zp z1), for any zZis Z2 S
T(x).

() d(z1,23) << d(z1, 22)1+d (22, z3) for any z 1,
22,23 € T(X).

From the definition of d(° °), (b) and (¢) are
obvious. We only need to prove (a). By the definition
again we know that for any z1, 22 € T(x ) d (1, z2) =0.

To prove the theorems we only need to prove that
d(z1 z2) = 0if and only if z; =z, . Tt s obvious that z
= z2 7d(z;;z2) = 0. We only need to pove that
d(ziy z2) = Oimplies z1 = z» . Letzi = [ X1, f1] and
z2 = [ X2 f2
conformal mapping) between z and z» which is homotopic

. It s sufficient to find an isometry Cor

tofs °f1 ' (we called it preserving the marking for the
sake of convenience ).

In the following discussion, well not distinguish
between the homotopic class of closed curves and the
geodesic in this homotopic class. Take a sequence of
disjoint, distinct elements o € ENX,j =1 2 -, so
that after cuting the Riemann surface X along the
geodesics @ € Z/X,] = 1,2, ---, the Riemann surface
X is divided into a sequence of Riemann surfaces Xj, j=
1, 2,
of mon elementary topological finite type with geodesic

---and each Xj,j = 1, 2, ---is a Riemann surface

boundaries. By the same way, we cut X;, i = 1,2 along
the geodesic fi (), i=1,2, j=1, 2, --and X;» i=
1, 2 are divided into X/, i =1,2, j=1, 2, ---and each
of it is a Riemann surface of non-elementary topological
finite type with geodesic boundaries.
It is well known that any Riemann surface with
geodesic boundaries is the unique Nielsen kernel of a
complete hyperbolic metric.
L2 j=12
Nielsen kemels of Riemann surfaces X/, i = 1,2, j =
1,2, . Because d (°, °)is a metric for Teichmuller
spaces of topological finite Riemann surfaces, and
together by 3), d (Xvy X2/) =0, j = 1,2, ---. That
is X1, j= 12, ---is isometric o X7, j= 12

Riemann surface with

Consider now X7, i =

. They are

and preserves the maiking. So each part of X1 is isometric
to the corresponding part of X2 and presewes the marking.
To get an isometry between X and Xowhich preserves the
marking, the remaining work that we should do is to know
whether the gluing types of the cutting curves f1(a;) and
f2(%) are the same, j = 1,2, ---. Take any pair of
curves fi(a;) and f>(¢ ) . Consider a connecting union

X1 of finite number, of X} which contains fi(¢;) with
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f1(a;) is not a boundary geodesic. And consider the

corresponding part X 2 on X2. Repeat the previous
discussion we know by (3) that dXi,X2)=0.
Because X, and X are of topological finite type, Xi is
isometric to X and preserves the marking. This implies
that the gluing types of the cutting cuwes fi (&) and
f2(0;) are the same. Because f1(¢) and fr( ) are
arbitrary, X1 is isometric to X and preserves the
marking. This means [ X1, fi] = [ X2 f2] -

By the same way as in section 2, we can define the
d -stucture, the dr-sructure and the H - structure on
T(X) of the topological infinite type.

The same as the proof of the Theorem 3, we have,

Corollary 2 The d -structure and the H -structure
on Teichmuller space of Riemann surfaces of topological
infinite type are topologically equivalent to each other.

It s natural to ask the following problem; Is the d -
structure topologically equivalent to the dr - structure on
the Teichmuller spaces of topological infinite type

Riemann surfaces.
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Sturm Comparison Theorems for Second Order Neutral
Nonlinear Differential Equations

ZHUANG Rong kun , ZHU Si ming, WANG Qi 1u
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Abstract: Some differential mequalities are established, and the oscillation for the second order neutral nonlinear

differential equations are discussed and some Sturm comparison theorems are obtained. The results generalize some

classical Sturm comparison theorems.
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