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Abstract: The total spin states of aN body system with spin one bosons have been investigated. The fractional parentage
coefficients for the total spin states with { N} and { N — I, 1} symmetries have been derived. These coefficients facilitate
greally the calculation of related matrix elements, they appear as a powerful tool for the establishment of an impwoved

theoty for the spinor Bose Finstein condensation, where the total spin Sand its Z womponent Szawre both consewed.
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Bose Finstein condensation (BEC) is an important
physical phenomenon predicted by Einstein. In 1998 the
BEC of sodium atoms “Na was experimentally realized in
an optical trap by Stamper{(urnIl . Since the * Na
alom has spin one, the rmesponding condensation is
different from those of spin zew bosons, and is called a
spinor condensation. Afterwards, the condensations of K
and *' Rb atoms both have spin one, have also been
observed. These findings implie the existence of a new
kind of aggregation of matler, and therefore attract
strongly the attention of physicists. The investigation of
the spinor BEC becomes a hot topic in recent years.

In the theoretical aspect, the additional spin degrees
of freedom lead to complicity. In particular, in such a
spinor system, both the total spin S and its Z component
Sz should be conserved. At the present stage the theory is
dominated by a three -component model, where the bosons
are classified into three kinds according to s. s the Z -

component of the spin of a boson, being equal to 1, 0, or
—1. Each kind of bosons would condense. Such a model

is only an approximation, because in this model only Sz
= ZSLZ is conserved while S is not. Obviously, a more

precise and advanced theory should keep S conserved.
For this purpose, the eigenstates of S, which are called
the total spin states, should be introduced and related
mathematical techniques should be developed. This paper
aims at this purpose.

For a spinor N - boson system (where N is the
number of bosons), the eigenstates W can be in general
expanded as

Yy = hECLsA,wA Zﬁvﬁ‘ﬂ&“}e (D
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Where L is the total orbital angular momentum,
Ademotes a representation of the permutation group of
order N, it is labeled by a Young s diagram (e. g .
when N = 4and S = 1, X have two choices {3, 1}
and {2, 1, 1}). fiuand Xs™ are the spatial and spin
parts of wave function, respectively, both belonging to the
i th basis function of the A representation. Moreover
Ys'u is a nomalized total spin stale with good quantum
nmumbers A, S and S7. The summation over i is necessary
to assure the correct permutation symmetry. In some cases
the multiplicity Cor the weight) of A is lawer than 1. i.
e., when S is given, there are more than one set of lolal
spin states belonging to the A - representation. Thewrfore
wa is intoduced to denote each of them. Cisiw, is a
coeflicient of combination. Inwhat follows, we shall focus
on the total spin state X5 .

When N is large, the explicit expression of Xs is
very difficult to obtain. However, it is clear from eq.
(1) that the pemutation symmetries of the spin part and
spatial part are matched with each other. So, let us first
study the spatial part. For the lowest state of a Bose —
Einstein condensate (BEC) with a given S, all the
bosons awre spatially condensed into a single particle state
denoted as $s (1), where the subscript S has been
introduced to respond to the possibility that the single -
particle state may depend on S . Evidently, in this case
the spatial part must be totally symmetric with respect to
permutation, therefore only A= { N} is involved. For the
first order of excitation with the S unchanged, one of the
boson would be in an excited state ¥s (7:), while N— 1
bosons remain in %5 (r;), W5 and s are orthogonal with

each other. In this case the spatial part is allowed to
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have both A = { N
Only the lowlying states of the BEC are concerned,
therefore the study of the total spin states can be limited
to the two cases A= { N} and A = { N— 1, 1}.

In the case of A = { N}, let the number of the
totally symmetric spin state Xsh be denoted as M(S), i

}and A = { N — 1, 1} symmetries.

e., M(S) is the multiplicity of the representation A =
{N}, andw(n is ranged fiom 1 to M(S) . On the other
hand, let the number of totally symmetric spin states
having only Sz to be wnserved be demoted as K(Sz).
Evidently, if a spin state has S; + i bosons with s = 1,
i bosons with s: =— 1, while the rest N— Sz
with & = 0, then the state is one in K (Sz). From the
2i =0, we have 0<< i<< (N

—2i bosons

requirement that N— Sz —
— 8 b Thus, we have

4\ NS,
K(S,) = [N—SZ—% \2+1<2)

From this formula, the number of totally symmetric

spin states, namely M(S), can be derived as

NS
1—|—(21) 3)

From eq. (3) we know that the number of XsVy,
is one if N— S iseven, or iszew if N— S'is odd. Since
the multiplicity is not larger than one, the superscript wx

MES)=KES)—KES+1)=

is redundant and can be neglected. For simplicity, fiom
now on the totally symmetric spin state is simply denoted
as 05" =7 s¥ . The total mumber of 95" with § =
Ns N—2, N—4, - is rearly equal to ND.
The expressions of 05 with distinct N and S and with
N — S even can be deduced based on an iteration
pwocedure. Let us start from a 2 boson system, we have
9 (12) = (MA@ @
where X is the spin state of a single boson, the two spins
are coupled to S = Oor 2. For N= 3, there are two 95"
with S = 3and 1"
o7 (123) = { (XD X @)1 AB)}s =
{97 3))s (5a)

24092 x<3>}1+%§{ 9% X3} (5b)
where the spins of the 1+th and 2+th bosons are first
coupled to 2 or 0, then they couple with the spin of the 3-
th to achieve S = 3or 1.

Starting from eq. 4) and (5) let us assume that all
the 95" " have been known, then 95" with N— S even
and S << N can be uniquely expanded as

I = @™ N AN s+ BT (9

0 (123) =

SN s
(6)
and b5 are wo coefficients to be determined,
and (a5 )’ + (b5™ ) = 1 is assumed. This expansion
holds because, (i) ‘based on the rule of the outer product

where a s

of permutation goups, only the totally symmetric states of
the (N—1) -subsystem are necessary to be considered,
(ii) Although from the point of angular momenta coupling
the total spins of the (N— 1) -body subsystem can be S
+ 1,8, and S— 1, however since N— 1— S is odd, the

term 05" " is zew and therefore can be dropped. From

eq. (6), a similar formula can be written for 951 ag

O = G O L (N = Dy
bs' % A (N D) s @)
Inserting eq. (7) into (6), we have
0" = a0 XN — D] s X (WD s
as” psi ([0 XN = D] s XN Ds
B d M SSN 2JX(N— D] s XN s+
b bN T XN— D] s XND)s ®)
On the other hand, since the 95" written in eq (8) is
required to be totally symmetric, it must be invariant
agairst any interchange. Thus we have
SISM = Prny L9ISN] ©)
where Pn.v—1 denotes the interchange of the ( N—1) +h
and N +th bosons. Inserting (8) into both sides of (9),
making use of the theoty for the recoupling of spins, we
arrive at a set of three homogeneous equalions as

Ws (S+1, S+ D— 1] a5 b, " +

Ws(S—1, S+ D" d%" =0 (102
Ws(S+1, 8 — Dals" bt +
[ Ws(S—1, —1)—1]b5 a'lell 0 (10b)
WS(STLI,S)a B+
Ws(S— 1, OB " =0 (10c)
where
ws(T, T') =

Jer+oer+uv wassi; ' an
and W(1SS 1; TT') is the well known Racah coefficient.
It turns out that the set of equations (10) are linearly
dependent. Taking into acwunt the expression of the
Racah coefficients, we obtain from (10)

d = o =L
S .IZSJF

J2S +3 [N-1)

’ (s 1) 25+ 1\““ (12

if N— S is even, or ds’ = b5’ = 0if N— S is odd,

where the constant 75 is to be determined. Eq. (12a) and
(12b), together with the requirement of nomalization

(as' )+ (bs" ) =1 (12¢)

corstitute a set of equations. The solution of this set is

(12a)

PN —

simply R

N :[<1+<—1>“><N—S><S+1>]' (13
as OQNQS+1) ! a
. [a+ DY HSNVES+ D]

bs _[ QN 2S 1)) } (13b)



72

) 43

N—S)(N+S+1) 1R

(N(N—DQS+3)Q2S—1)
(13¢)
are called fractional
parentage coeflicients (FPC). With these coefficients, all
the 95" can be identified and can be written down by
repeatedly using eq. (6) and (13). When N is large,
Fortunately, it

W= s+

The coefficients s and bY"

the explicit form of 95" s very lengthy.
turns out that, for calculating the matrix elements among
the total spin states, the explicit form is in general not
necessary. Only the FPC is sufficient to achieve an
analytical form. Thus the FPC is a powerful tool for the
spinor systems.

As an example, let us calculate the matrix elements
of the two body interaction U; between the i th and j th
bosons (the form of the interaction is mot prescribed,
however the total spin of the related two particles is
(7) into (6),

after a ecoupling of the spins, we armive at a new

assumed to be conserved ). Inserting eq.

expression of the totally symmetric spin state, namely
o = Zh““ [ X(N— DX s b

where ( A, T) = 0, S), (2,S+2), 2, ), and (2,
S — 2) . When the Racah coefficients ar written in

analytical foms, we have

i = BTy g o
o 12
] e
hz s+2 = a[sN]a[ﬁNLl] s
b
s SQS—D ' Py

25 T35 FDQS T2 as" b

[<2S+2><2S+3> o e

12025 + DS bs” as
W8S = B b

Since 95" is totally symmetric, the labels N and N—1in
the two body spin state [ X (N — 1) X(N)] 4 at the right
(14) can be changed to i and j as well. Then the

two ‘body matlix element reads
Moluy Ty = >0 LYY
<[x<z>x<j> s LU T xAg 2 ae

Thus once a[sM andb[sN]

of eq.

have been known. hh'; are
known, and the matrix element can be obtained.

Now let us study the total spin states with A= { N—
I, 1} . Making use of the FPC, we define the following

spin state

A = B oL (s —
as" { O oYy 1] X(l )}s (N— S is even) A7a)
AV = (NG (N— S is odd) 17bh)

N*l .
where 95" " are the totally symmetric spin states of the 1

to N bosons except the i #1 . It is recalled that a5 would

be zero if S = N, b5’ would be zew if § = 0 (refer to
eq. (13)), and § << N is required in 0% . Thus,
O™ " is well defined if 1<X S << N— 1. From the rule
of outer product, """ will contain only the symmetries
{N}and {N—1, 1} . However, ithas been stated above
that the totally symmetric spin state O s unique.
Hence, if N — S is even and if (17a) is orthogonal to
95", it must belong to the {N — 1,1} symmetyy.
Comparing (17a) with (6) (where the N in X (N) can
be changed to i ), it is obvious that A" " and 95" are
has the pue { N — 1, 1}
symmetry. When N — S is odd, it has been stated above
that totally symmetric spinstates do mot exist, thewrfore
G5 has also the pure { N —
suggested 3
total spinstates with A= {N— 1, 1} . Furthermore, from
the study in ref [ 5],
(multiplicity is equal to one).
When S is given (% N or0), the index i of e
is ranged from 1 to N . This set of N states are not
mutually orthogonal but linearly dependent. They satisfy

POFC (18)

This arises because the summation over i leads to a

orthogonal,  therefore e

1, 1} symmetry. Thus the
" ranging from S = 1to N— 1 are just the

these states are unique

symmetrization, a state with A 7 { N} will not survive

after the symmetrization. Nonetheless, N — 1 of them are
linearly independent, they can be used as basis functions
to span the { N —

Based on the total spin states as given in (6) and
(17), a variational procedure can be carried out where

the total spin states are introduced directly into the trial

1, 1} -representation.

wave functions. This will lead to an improved theory for

the BEC with both S and Sz to be conserved. It is
believed that the FPC intoduced in this paper would be

in general useful for various spinor systems.
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Abstract: The ultrafast dynamics of coherent control photocurrent in AsGaAs GaAs MQWs at room temperature is studied
theoretically and experimentally. A ballistic photocurrent relaxation time of ~ 600 fs is deduced with the theory of density

matrix and electronhole scattering relaxation model. This result is evidenced with the three color femtosecond pulse

pump probe measurements.
Key words: femtosecond pulses; semiconductor quantum wells; optical coherent control
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