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Inversion of the Generalized Radon Transform
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Abstract; Recently, the modern imaging techniques of positron emission tomography and of single pho-
ton emission computed tomography are two of the most important tools for studying the functional charac-
teristics of the brain, and they now play a vital role in several areas of clinical medicine, including nu-
clear medicine emission imaging. The basic mathematical problems associated with these techniques are
the reconstruction of the Radon transform and the so-called generalized Radon transform, respectively.
The singular value decomposition of the generalized Radon transform is developed by means of operator
theory of function spaces, which are square integrable on R" with known weight functions. Furthermore,
the inversion formula and characteristics of its range are also obtained.

Key words: generalized Radon transform; SPECT; singular value decomposition (SVD) ; inversion for-

Vol. 51 No.5

mula; range

X PRI EALEZ R AR (Xoray CT), 1E
SRR ) B 212 W T BORURT B Y TS 45 A T 4
A, T HAR R SR PEE, AR B2 A Tl A8
PR ORI MER, & RCh B2 Tl FH2 Wik
M) F A Z—. Radon 1E AR Xt 28 )& CT
HARAA A ECE IS, NS RNE2H K4
Sb PR 5 3 A 1 0T ) S5 P 1 0 S KR B s
WFFEAE T, X — U T 8 M RUR, R
Natterer F, Davison M, Bortfeld T #I Oeltke U
AR ELARHE, AT B B AT S (i

« WESHEEE. 2012 -03 -03

1w, 3T Radon B4y R A0, (EEMERT, i
R, HXIAR ARG E, PR EHECRLZ
PR AL NEH A, AT s
E T WK A5 (Tnverse formula) Ffif H7
40 Novikov RFlFE F 48 oF AL AU 19 2 X 76
RO b S S SR R AT T
ARAFHAH L A E 7ok 0 A O SEBL, HA S LR
B BB BRI R B TR ALIETZ iR
(SPECT) EtxBEn)—FfIER AN ZEEOR, #%
SRR TR 33Kk X2 I 0 3 44 1 0 Radon 28

E&WH: HEARPARGRERIIE (61271398) ; Wil A F /TR BB H (Y201016044) 5 7l A AR

FEWHTH (2011A610170)

EHEEA . 2898 (1988 4E4E), B, Mit4:; @iMEE: £4F; E-mail: wangjinping@ nbu. edu. cn



74 Pl R (A SARL2ERR)

051 %

e,
AN b, P A5 A 2 R L3 8 4, FBP-AY
J #2535 Novikov R Al Natterer F 452, |7 X
Radon 7% /& Radon 72 4t (i #E | 1 2 Bl & JE 1) 36
7N, Il Radon 7% i J& H — R i I Z — (L3
(13 -14]) , fER—AZH5EF, )7 X Radon 253
JEAE A A REER I R, ATERESE T ARSI
KAEHT n dEWR L AR 25 0] b Rk b 7RIS
H, BATE 0 MELBRE S B — A, B e
S"', BA s e R, 7 X Radon Z5#5g XK
Rf(w,s) = [ @(x,0)f(x)dS (1)

<x,w> =s

A @ (x,0) R (1 - < w0 >2)%, XH <, > F
AR EMSR, Mu =08, (1) KEH Radon
A4

TG AR A S T ik

B R JEMA/RAAKE S [0 H 2 K 1) 824k 1
BF, JFHRR" : K—KA—E2HE R R
gi,i =12, SZHKAMEERN A, =1,
2,0, HA >0, #5%

f = /I)TiR*gi,i - 1,2, (2)

WA {gd 5 WIERT R A —4EZ 3, i
£ BRIB AL R A% 25 [A] B 1E 38 #bh 25 ) A — 41
B, X f e HA

Rf = Zf //T,<f,fl > u8i (3)

X <, >, FRH BN, R TAEDN g
e K, | Rfy — g |l ME/Nug# f ol 2153
o < &,8 >k
fi = Z v 7 (4)
AR SCR BRI B TR R vk, BT
RyRy WIFFIEsRBCRIFFEE, #EMAEE X Radon
i Ry, A SAE O, FEASCH
O(rv,w) = (1 =< x,w >)*H =L(Q",W,),
W, =p (1 - |x)*"”

1
;H\:r[—]p — ‘Sn—Z ‘f(l _ uZ)%—:ﬁLdu , ‘51172‘ %%/j—:\‘n _
21
1 %igiﬁiﬁkﬁﬁﬂgﬁﬁ>£klkj= L2<S"4 X [__1’1] ’Wq),
W= (1= < o JFHIR IR

TR AT T 7 SC Radon 284 R, Y S 20, HfE
J~ T Davison M, Bortfeld T £ Oelfke U #H 3¢ 4%
(HAAIL w = 0 BFTHEIE) .

1 A BhZE e S oGS |
1

5131 WFTweS',seR < il

Rq,sz(Q",p_l(l _ ‘x‘z)sﬂ-l/z) —
H-L (S x[-1,17,(1 =sH)*"*) =K
(5)
SEBESAMER T
iERR AN

Rof(w,s) = j (1 - < %0 >2)"(x)dS =

<x,w> =3

[ fGo +3) (1 =)y

X1
[Ryf(w,s) |* =

[ fsw+ 1) (1= syray| =

yewld

‘ ff(sw+y)dy‘2(1 -)* <

yewd

(1 =% [ |fGsw +y) dy

yewd

1 1

A
I‘Rq)f‘z(l _SZ)H—Il/zds < j(l _32)2;/,(1 _SZ)M_H/Q

-1

[ s + ) Pdy s =

yewl
1

J(l e J ‘f(sa) +y) 2dy ds <

-1 yewt

[ = "5 | fsw + ) P =
J
[ = 1215 s ) (1= o)
aQn
Log(x) = (1= [x?)77 , W EXBEN

1
[IRu1P(1 =525 < C IS, 2] <+ o
21

FIRRAE45E, EkE,

5182 4B A Rf(w,s) = Ryf(s) FE o e
S, Wl s e RUM—JCrB, H A K g 31 fr
W, MXFEN 0 e S, R EMNHB ([ -1,
1], W) B#ELE T, |Ry | =1 H

o N * _ 1
(R3g) " (%) = W (x) B,(gW;)(x) (6)
Hrp B, & 2 F A Hor a1
(B,g)(x) =g(<x,0 >)(1 =< x,0 >>)*

(7)
iR HEIEW B, & L([ - 1,1],W,) —



%55 1 # %

—32§)7" X Radon 25 $ Y S5 i 5

L%Q%%ﬁ{%%ﬁ?ﬂWﬂ,EﬁJ%f= W, -

Ry ().
AL F AT
Ry 120, W,) — (= 1,11,W,),
Tt (L= 110,00 = P (- 1,10,

1

C7207 _ 1
B(,.)L([ 1’1]’W1

1
L2 n L
) - (Q ’W”) ’
n 1 n
IWL" Lz(Q ’Wn)_)l‘z(ﬂ ’Wn)a
KL, Fonmge W, , o7 FoRE TR,

SHE 1y, 5 1y, AR RS T, B
ML ST LAy

(Ry)" =1y B, -1y,
BAT IRy | = IR || = B, | o T
| B |
1B, = sup =

Vhel2([-1,1],g0) [ ACs) |l "
U B, R —MRIEEE T, RS & H 3|
([-1,1],w) MiEEEF, HHS5 ([ -1,
VW) [ i B = Iy Ry - Ty
513 H/F Ry, HA KI5 B 1 thfrk,
BGeK, Ba

(Ra6) () = [ ((RD)"6,)(x)do  (8)

sn-1

HA G, (s) =G(w,s) ,se[-1,1],weS " xe
Q" o W Ry, ZM H B K (Wi HER T
iERR XHF VS e L2(Q",W,) , 4

+1

I Ro I? = [ [ RarI*Wodsdoo =

sn-1-1

[ IR 1do < |5 070
sn-1

RG] Ry, 2 H— K A R T, thT HMK
Yok Aaeasal, AN Ry, S H — K R SE
AT MR LA 7 E X (8) NIRAE S
7,

514 R/ Ry, HMKSIE 1 WMirid, 4

T,() = (1 =) ()62 (),
1

m=20,1,-, Cf,:%u*}”(s) N m ¥ Gegenbauer
W, w < o, WA T, R - 1,10,W)

E—4LEsCH, AXMERM AR &0 e S
M AT

[RE(R2) T, ](s) = €5 (< £, >>7;<s>§§

ER (T, B2 4 MR E A8 AT
C3 () TR W, 105 AR
ST A BRI R B T (S & = (1,0,
0)’(1) = (COSO,Sine,O,“.,O) HT‘T‘E/‘J/I‘%R, Hﬂ (6)7
(7) S5
, B, (W, T,)(x
(k) 1] () = P )

(n+1)

C"L2 _3M( < x’w >)
W, (x)

ESi8
ROL(RG) "T,1(s) = Ry(L(RY)"T,1)(&,5) =
Cf:%]lf‘;”(scose +/1 —szusine)d B

[2=) u=
p(1 —u?)*# >

1
(1-5")27" | 52|
J
(1) 5% | g2 [ O3 () €257 (< g0 > )2 =
p

CUF (< £ >)Tm(s)%
XEFAT

i
jcﬁﬁuﬁ”(scosﬁ + musinﬁ)(l - uz)g%z"g"du =
|

1
(0T M (< b0 >) [(1-u) T M
-1

BEx [1].

BIES5S Xfm=0,1,-, &V Eo|H1 hpF
K T, LV, R C(0) T, (),
XH G(w) e L2(S"") M

() 1V, | HRT K BIER FA R

i) V] 76 Ry fEFIFAAASE

(ii1)

(RyRy GT ) (w,s) =
20,0 [ (< £ >)6(0)
p sn-

1

EB (i) |V, ZIEAcHER T, MIE SRR
%,ﬁé%Wm<M<%>m%é@ﬂ%ﬁK
VRN, TR T K B 4LE 5

&
Ao
¥ i), (i), 2 6(w)T,(s) e V,,
(RyRg GT,) (w,s) = RG[ Ry (GT,) ] (s) =
27,09 [ €5 (< o >)6(8) d
p

sn-1

Ja—% S mhg B4 155,



76 iR E 4 (FASARRERR)

051 %

vy e B
CE (< g0 >)6(g)de, TRT]

i, 1%%??”&4%]5}3%?03@%1 A5, X FRIAA
F Y 45 AE 25 (8] Ay BR E R RO pR BN RO B A,
Funk—Hecke 23 [1] w43 rA0FE,

2 FEENELEM

MGIHLL -5 AT, RyRy 5 L2 (S"
cw>§ﬁj

EHE 1 A SH FIRWrh L ek i A ek o
AT 2 6], W) Ry Ry AHFAE R & A HATE X

Vi ()T, (s) k%, Hh Y, () e SH , MY
FHIEE Ky

2 \5*2\

jc‘Tl () € (1 =) T di

i)

2 1_091’2’ m_le/fl%ﬁ

UERA /1 [1] %1, Funk-Hecke & Bn] iR 40

MF [ - 1,11 ERESREF() |, R
fF(<&w>)E@ﬁ¥=

oy

C“)ﬂm>cuxl

i Funk-Hecke & H 5B 5 FRYZ514
(Rq>Rq> Yle,) (w,s) = Racf)[ch (Yle) } (s) =

27,00 [ (< g0 > V(€ dE =
p h-1

2 | $"2 1 [y,
;nunxm(xnjc (1) -

Ci(t)(1 =)' 2dt =
AT, ()Y ()

UEEE

NTIGE] R, WA S E R, FATIEAS 5
Ry Ry HYRHERREE Ry EFI NS R, T E
G T —A 2553

B2 A T,0)Y () JE RyRy MIRFIEREL,
Mot ée S kre=xe Q" , A

R ONT) () = V(&) oS P
st

le(r) =r[qml(r2) =
1
r’f(c;'(m?(] ) A x Y adr
-1 j?l’,

G (T) BRT r MEREBTA m - 2T

R
Ry (Y,T,) () = j[(R“)(YY‘)de—

JB<WTYw»u@M_
5 W, (x) i
Y, (0)C3 4 (r < &0 >)

g W,(r)
F|F Funk-Hecke XEEE S JE AR

Kindl iy, 2k
V() TOLAE )jc () (1) (1 = )7 di
Hpy = ? -1,

AT

1
Pu(r) = [CE (e () (1 -2)F d
]

i
C3 () = a,, (1)’
I St o
Je e =iy ta -
j 2 4, (1) C (1) (1 = 2)"% dt
MHHy = Z d,Ci (1) , HHMM C (1) BIEAL
P, 1535

1
[e e -2y a =
21

1
r’J(c;'(t)V(l—ﬁ)“%dzx ) il
-1 j=
]

ﬁimjl%—fﬁﬁ%%ﬁ,lﬁﬂAﬂ:

ﬁMﬁ>,A¢qx ) ST W m - 1
M2, 1

ﬁTﬁ‘iﬁpzm(r) PEARIE, XTEEr L, H
F Gegenbauer ZINZC ) IEASTE, m NAIZBUE N 1,1 +
2,0 + 4, A RAE 3 E R Ry (Y,T,)
Ry (Y,T,) 41 B My 3, RN L(Q",p " (1 -
[ [ WIER R, XHTF Y (0)T,(s) (1,L+
2,0+ 4, ) J& R,Ry BYIEACHFIEPREL, LA
Xfm #q,

[ Rs (X Ry (YT [ Ip(1 = L[5 * 2 da=0



%55 1 # %

—32§)7" X Radon 25 $ Y S5 i 7

% x =g, AUA B P IA
J;lry*"*lqlm(rz)qlq(rz) (1 - r2)3”7%dr =0

R w = 7, 135
%J:ul*“%qlm(u)qlq(u) (1 - u)3’“%du =0

%ZNFEW g, (u) 5 Jacobi Z 30 X AH 2% — 4> 4K,
B oq,(u) = GPLIEMP(w), X OB

+n, + > — l 1 N
P () Jy P B Jacobi SR 8

Po(r) = fgu(r) = FPEESR (2
Ry (V) (1) =
Y ‘Sn72‘
O Hw
WTHIE, i
glmk(was) = Tm(s)Ylk(w> s

_ 5] 12 .
ﬁlnk_ Ylk(f) C;(l)Wn(l)le(r)’k_ 192’ 9Nn—](l)

XEN, (1) g n QEBRTE A& E 2 | b b 1Y
BRI PR BB, DT RR B AR T 1 2 S A8 40 ik 12
ST Yfe X(Q,W,),H

! (14n/2,3u41/2) ; 2
r C2P(mfl)/2 (T )

e N e < g gy >
(ré) = o Jw(®)
o =g n s e

SO T AR TSR S AT 75 2
A T

SE k-

[1] NATTERER F. The mathematics of computerized tomo-
graphy [ M]. Reprint of the 1986 original. Classics in
Applied Mathematics, 32. SIAM, Philadelphia, PA,
2001.

[2] NATTERER F. Inversion of the attenuated Radon trans-
form [J]. Inverse Problems, 2001, 17(1); 113 - 119.

[3] DAVISON M. A singular value decomposition for the Ra-

don transform in n-dimensional Euclidean space [ J].

[4]

(5]

(6]

(7]

[8]

(9]

[10]

[11]

[12]

[13]

[14]

Numer Funct Anal Optimiz, 1981, 3. 321 —340.
BORTFELD T, OELFKE U. Fast and exact 2D image re-
construction by means of Chebyshev decomposition and
backprojection [ J]. Phys Med Biol, 1999, 44. 1105 -
1120.

MAASS P. The x-ray transform: singular value decompo-
sition and resolution [ J]. Inverse Problems, 1987, 3.
729 —-741.

WANG J P, DU J Y. A note on singular value decompo-
sition for Radon transform in R" [J]. Acta Mathematica
Scientia, 2002, 22B (3): 311 -318.

W1 RAR. T R A e g s e LT ]
224 PIT R, 2008, 21(4) : 514 -519.
XIAN J, LI S. General A-P iterative algorithm in shift-in-
variant spaces [ J]. Acta Math Sinica, English series,
2009, 25(4): 545 -552.

XIAN J. Weighted sampling and reconstruction in weigh-

TR

ted reproducing kernel spaces [ J]. J Math Anal Appl,
2010, 367(1): 34 -42.
NOVIKOV R. An inversion formula for the attenuated
X-ray transformation [ J]. Ark Mat, 2002, 40; 145 -
167.
LIT, WEN J, HAN G, et al. Evaluation of an efficient
compensation method for quantitative fan-beam brain
SPECT reconstruction [ J]. TEEE Trans Med Imaging,
2005, 24(2): 170 - 179.
FINCH D. The attenuated x-ray transform: recent devel-
opments, in inside out: Inverse problems and applica-
tions [ C] // MSRI Publications, 47, Cambridge Univ.
Press, Cambridge,2003, 47 —66.
XU Y, TISCHENKO O, HOESCHEN C. Approximation
and reconstruction from attenuated Radon projections
[J]. SIAM Journal on Numerical Analysis, 2007, 45
108 —132.
XU Y. A new approach to the reconstruction of images
from Radon projections [ J]. Adv Appl Math, 2006,

36 388 —420.



