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The regularity of Navier-Stokes equations in five-dimensional space
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Abstract; Using the compactness theorem, the regularity of Navier-Stokes equations in five-dimensional

space is studied. It is proven that if u € L"*(Q x (= T,,0)) is a Leray-Hopf weak solution and

3 . .
j u’ +p? < g, then u is Holder continuous.
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This paper is concerned with the partial regularity
of weak solutions of incompressible Navier-Stokes e-
quations in five dimensional space with unit viscosity
and zero external force:

Vu+ Vp =0,

{8,u—Au+u- ()

Veu=0
fox e Q CR,i <0, and
{u(x,0)= uy(x),x e (2)
uly,)=0,x € 9Q), -T, <t <0
The concepts of weak solutions of (1) - (2), and
their regularity were already introduced in the funda-
mental paper of J. Leray. Pioneering works of J. Ler-

ay showed the existence of a function u and p such that

(Duel””CONL(-T,,0;H(B);

(ii) the function 1 — fuwdx is continuous in
B

« YHSEHI: 2016 -09 - 19
BE&WH: ERARRHS (11671045)

[-T,,01, forw e L.

(iii) u satisfies the Navier-Stokes equations in the
distribution sense.

There are many important results concerning the
regularity of weak solutions. Among them, we wish to
mention the works of Serrin, which asserts that if u e

LY((— T,,0L' Q) satisfiesi + 2 < 1, then uis
p q

smooth in the spatial direction. This result was later
improved by the reference [1 — 3] to the inequality
with the critical points.

In the series of papers [1 -2, 4 =57, when the
spatial dimension d is 3, Scheffer introduced the no-
tions of suitable weak solutions and the generalized en-
ergy inequality. He also established various partial reg-

ularity results of such weak solutions. Scheffer’s results

EHR/NT: SPEE (1990 4F4), &o; MIERAR: MASE ; E-mail: kfmaxixia@ 163. com



513

HyPYEL . Tu4E=S(A] Navier-Stokes J7 72 ) 1E Uk 97

were further generalized and strengthened in the paper
of Caffareli, Kohn and Nirenberg?' | ford = 3.
Ford =4, V. Scheffer'® proved that there exists
a weak solution z in R* x R such that u is continuous
outside a locally closed set of R* x R whose 3-D Haus-
dorff measure is finite. Ford = 5,6 , Struwe'*’, Du
and Dong'®’ obtained the corresponding results in the
Tian and Xin'"

showed the partial regularity for smooth solutions and

steady Navier-Stokes equations.
any spatial dimension in the steady Navier-Stokes e-
quations.

Now let’s state our results. Similarly dealing with
weak solutions, our result is about the partial regularity
of the weak solutions in five-dimensional space. We
show this after two compactness theorems are obtained.
Our proof is conceptually similar to Lin’s in [4], but
the problem is that we don’t use the Sobolev embedding
theorem. The main difficulty is that how to obtain the
compactness theorem. We overcome it by the interpola-
tion theory in harmonic analysis and the condition u e
LY (Q x (- T, ,0)) - It is possible because the
strong lower-level convergence and the weak higher-
level convergence imply the strong convergence be-

tween them.

1 The Compactness theorem

As we all know, Fanghua Lin’s or Caffarelli-kohn-
Nirenberg’s method is not directly applied in five spa-
tial dimension, because the Sobolev embedding theo-
rem can not be used and it is not clear that the iteration
procedure is valid. Here we give a compactness theo-
rem through the interpolation theory and the condition u
e L""(Qx(-T,,0) -

Definition 1 Let Q be a open set in R’. We say
that a pair (u,p) is a suitable weak solution to the
Navier-Stokes equations on the set Q) x ( — T,,0) if it
satisfies the conditions ;

(i)
we ™ (Qx(-T,0)) NL(-T,,0;H(Q)),

el (Qx(-T,0) (3)

(ii) u and p satisfy the Navier-Stokes equations in

the distribution sense;

(ii1) u and p satisfy the local energy inequality

2 2 ’ s
Joelul +2[ ol Vultdd

ot Il (A0 + 00) +
u-Veo(|u|*+2p))dxdt’ (4)
fora.a. t € (= T,, 0) and for all nonnegative func-
tionsp € C; (A x (=-T,,0)).
Let X,, X and X, be three Ba-
nach spaces and X;(i = 0,1) is reflective such that
X, € X CJX,

the injection of X into X, being continuous; and the in-

Theorem 1 '

jection of X, into X is compact. Let T be a fixed num-
ber, and let o ,a; be two finite numbers such that
o, =1,i =0,1.

We consider the space
Y = {v e L9(=T,0:X,),

Lo, ,
v o= e (= T,05x) ]

And the space Y'is provided with the norm
lolly = Nollao-r.o0mp * 12 lerc 7001,

Then the injection of Yinto L*(0, T ; X) is compact .

Lemma 1 Let (u,p) is a weak solution of the
Cauchy problems of the Navier-Stokes equations in )
with u e L (Q x (- T,,0)) n L’( - T,,0;
H'(Q)). In addition,

we " (Qx(-T,,0)) (5)

thenp e L%(Q x(-T,,0)).

Proof
Young inequality,

First by using Holder inequality and

35 35 35
lu+ Vul? < [ Valpllulf <
6 5
s 1
Ivully + lul (6)
5
In fact, by interpolation inequality,
R
lully < lwl el
5
In the following, we show Vp e L%( - T,O,L%(Q))

In fact, letf = 9,u — Au , then first it is obtained that

fe’(- T,O,H(;%(Q)) as mentioned above.
And then we know
V-f=0,
{*dfz #d(u - Vu)
in any open set Q C R’ fora.e. t € (- T,0).

(7)

By the elliptic regularity theory,

f

35
3

B < u- val? + AP
1 2 W

N‘m
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By Sobolev embedding, we have p e L%( - T,0,
5(0) .

Theorem 2 Let (u,,p,) is a sequence of weak

- (2) inQ x (= T,0) satisfying:

solutions (1)

‘dx < E

9

ull

(a) SUup, ¢ (-r,0 jﬂ

(b) | Vu,

Qx(-T,0)

2dxdt < E,

(¢) (u,,p,) satisfy (4), where E,E, some posi-
tive constants.

Suppose that (u,p) is a weak limit of (u,,p,) ,
then (u,p) is also a suitable weak solution of (1) -
(2).

Proof In fact, we can choose a subsequence
{u,}”_, such that

u, — u weakly in L’( = T,0;H' (Q)),

u, — u weakly * in L” (- T,0;L'(Q)) (8)
asn— o . Choosep € C5 () and V - ¢ =0, we
have

(0u,,@) == (u, * Vu,,¢) - (Vu,, Vo) <
| Vel + 1V, l:1Vel, <
2Vl + 1V, )20 lells

U, g2

(

un
Hence
du, € Lt (- T,0;H3(Q))

andu, € C( - T,O;H‘%( Q)) is uniformly continuous
int.

Claimu = u = u.

In the following we prove in two steps.

Step 1
for Yw e I’'(-T,0;H'(Q)) ,

It is easy to check thatu = u . In fact,

0
J f(u" —u,w)dxdt -0 as n — o
_rlo

and for Yw e L'( - T,O;L%(Q)) ,
0
f f[u - a,wldydt >0as n— o
-rJ)o "
Since L2 (= T,0;H'(Q)) CL'(-T,0;L7(Q))
and the uniqueness of Limit,
0
f j[ﬁ —u,w]|dxdt —0
-rla
for Vw e L*( = T,0;H' (Q)) . This implies . = u a.
e. inL’(-T,0;H(Q)) NL*(-T,0;L'(Q)) .
Step2 u, e C(=T,0;H7(Q)) is uniformly

continuous int, for Vi, € (= T,0), we can show that

u(x,t,) is well-defined in L*( Q) .

Indeed, for any, ¢ € Co(Q),V + ¢ =0, let
1n(t) = 0 is smooth in a & neighborhood of ¢, (with loss

of generality, denote B;(#,)) and has a compact sup-

port with fT”r](t)dt -1,
J’j]v‘ﬁ)qo(x)u(x’t)”’](t)dxdt =

foQ‘P”)”(x’to)n(l)dxdt +o(1)
as 6_>0’0(l> —0
And

mﬂ¢<x>u<x,t)n<t>dxdt =

f-OTfngo(x)u"(x’t)n(l)dxdt +
o(1)asn—0,0(1) —0

According to the weak continuous int ,

J_OTJ’Q@(")%(x’t)’r)(t)dxdt =

f_(),,,ﬁlép(x)u,,(x,to)n(t)dxdt +o(l)

asd —0,0(1) — 0 is independent of n .

Hence,

Lgo(x)u(x,to)dx — Lgo(x) u(x,ty)dx
Finally by Theorem 1,
u, —u (9)
converges strongly in L*(Q x (= T,0)) . Also, u e
L"*(Q x (=T,0)) , by interpolation inequality,
lu, = ull < lu, - ull,|

Hence from (9) ,

2
u, - ull}

u, —u (10)
converges strongly in L’ (Q x (= T,0)) . Since (u,p)
is the weak limit of (u,,p,) , for any smooth ¢ >
0 compactly supported in ) x ( — T,0) , we have that

fJQSD(x) | Vu(x,t) [Pdadt <

0
liminfj_TJ;lgp(x) \ Vu,(x,t) |>dxds

From Lemma 1 and (10), the theorem is proved.

2 The Regularity theorem

Using the compactness theorem in the last sec-
tion, we show the partial regularity of the weak solu-
tions of (1) - (2). Here we give a result which char-
acterizes Holder continuous functions by the growth of
their local integrals.

Theorem 3  Suppose u e L’ () satisfies
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2. 5+2
2de s MR

(11)

for any B,(x) € Qand o € (0,1), where

1
Yor T 1B (x) \erudy
thenu e C*(Q) .
Proof Denote R, = dist(Q',900),0" € Q.
For anyx, € Q" and0 < r, <r, < R,, we have

2$2(\u -u

X071 X"

?)

\u -u

Pt
0.7y 0,72 + Uyyr — U

r X072
and integrating with respect to x in B, (x,)

I <

‘ uxo,rl - LLXO,TZ
2 (
5 u
w,r L,l‘ 0,11

2 2
T Uayr ‘ + er ‘ Uiyor = Usgory ‘ )
from (11),

< M (R 0T) (12)

‘ u,‘(o,l’l - u’xo,rz

For anyR < R, , with r, we obtain

= i+17r2 = Niv
2 2

2 o
< 2 ey Re

‘ u, R —u_R
Y02i+1 Y030

and therefore for h < k
2 $c(a)2_’mMRa

‘ u R —u,_ R
X027 X005k

This shows that {u is a Cauchy sequence, and its

wkh
limit u( %, ) is independent of R. Thus we get
ﬁ(%) = lrij{)luxo,r
with
‘uxo,r - &(xo) ‘$ cMr*
forany0 < r <R, .

Recall that u, , converges as r—0 in L'(Q) to the
function u , by the Lebesgue Theorem, so we have u =
wa.a and (12) implies that u, , converges uniformly
tou(x) in Q' . Since x — u, , is continuous for any r
> 0, u (x) is continuous. By (3), we get

() 1< CMRS + Lu,|

for anyx € Q' and R < R, . Hence u is bounded
in () with the estimate

supu|< (MRS + [luq))
Finally we prove that u is Holder continuous. Let x,y
R,

e Q' withR = ‘x—y‘< )

Then we have

‘u(x) —u(y) ‘g ‘u(x) _ux,zzi""'

‘u(y) — Uy op ‘ + ‘u’y,ZR — U, 7R ‘
The first two terms on the right sides are estimated in

(11). For the last term we write

- u’x,2k‘$ ‘u}‘,zk - u(() ‘+ ‘ux,ZI\’ - u({) ‘

and integrating with respect to [ over B, (x) N

‘ Uy o

B,z (y), which contains B, (x) , yields
‘u.}‘,ZI\’ — Uy or * < MR
Therefore, we have
u(y) - u(x) |< cM|x -y

In the following we assume (u,p) is a suitable weak
solution of Navier-Stokes equations in Q) x ( = T,,0).

Lemma 2 Suppose (u,p) is a suitable weak so-
lution of (1)

stant g, such that

— (2), if there exists two positive con-

e
J;lx(—Tl,())( ‘u“ + ‘P‘ )dz < & (13)
and
we L' (Qx(-T,0)) (14)
then
Splu-wl e -pl?
0 ﬂ [ P + e ]dxdt <
%
1 N
?f—TfQ<‘u‘3+ |p|?)dxde (15)

for some positive 0 and o, € (O ,%) , where

u, = 9’7ﬂu(y,r)dydr,pa = 0’5L0ti(y,t)dy
()(7‘

for —¢° <t <0. Denote Q, = B, x (- 6°,0).

Proof
there is a subsequence of weak solutions (u,,p,;) with
By T ”Pi |L%(Q]) (16)
where ), = B, x (—=1,0), and such that (15) is not
valid for (u,,p,) . Let

Suppose that Lemma 2 is false, then

& = |ug

then
a,v, — Av, + g, + Vo, + Vp, =0 (17)
A simple computation verifies that (v,,p;) satisfies the
conditions of the Theorem 2 and (17). One notices
that p, satisfies
Ap, = - g div(v, + Vo,) (18)
inQ, , let (v(x,t),p) is weak limit of (v,,p,) , then
Theorem 2 implies that
av—-Av+ Vp =0,
V-.v=0,
Ap =0

By Fatou Lemma,

inQ, .
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ﬂ\dexdt < l,ﬂ\]}\%dxdt <1
0, 0,

A standard estimates in PDE yield that v and pare
smooth in spatial variable and v is Holder continuous in

time variable with exponent 2 o, . Thus for § € (0,

—) , one has

2

077ﬂ“1j - v, \3dxdt S
Qg

. . . 3
Since u, — u is strong converge in L' ( Q) , we have

07 [[lv, - ., [Pdvde < C" (19)
Qg
for all sufficiently enough i .

Next we consider p, by (18), we may write for ¢

e (-1,0), that

i)i(xyt) = h;(x,t) +g,(x,1) (20)
forx e B%.
Here
Ag, = - gdiv(v, + Vv,),x € B2
{ g ( ) Y
g =0,x e (?B%
and
{Ahi =0,x e B%;
h, =0,x € dB2
Denote

135,9 = h,:,o
then by Calderon-Zygmund estimate and (20) ,

J le o) e < |

Since h; is harmonic in Bz, any Sobolev norm h; in a

b(x) e (22)

small ball can be estimates by any of its L'norm in
B2 . Thus, by using Poincdre inequality, one can ob-

tain

3 3 3
LH [h(x) =y, e S NO™ [ [V, (x) [P <
3
NE [ ) =y, v <
E

NG
3

i’L<x) - hi,a

Hence from (20), (22), (23), we get

by

3 +% 2
2(196+]V05 ‘Ll‘gi(x)‘de
3

- Y e ) 3
Pi(x> _Pi,e‘;dx gNHS : pi(x> _hi,e‘;dx +

B2
3
5+i 3 5+l
No ZRz\gi(x)\de$C0 2 (24)
3

It is obvious from (24 ) that

i)l(x) _i)i,ﬂ‘%dx < 6™ <25>

o), J

for suitable € (0 ,%) and for all sufficiently large i .

Combining (19) and (25), we obtain a contrac-
tion and the lemma is proved.

Theorem 4 Under the assumptions of Lemma 2,
then for any number &, V"™'u is Holder continuous in
subset K C C Q) x (= T,0) and the following bound is
valid ;

maxu < ¢,
zeK

where ¢, is a constant only depending on £ .

Proof Let (u,p) be a suitable weak solution

such that
jo lu® + | p|Tdedr < g,
1
Let
uy (x,0) = 2 ox,61)
07
pP—-P
P, = =" 6x,0°)
QT

A simple computation yields that is (u,,p,) a suitable

weak solution of

du; —Auy, + 6(u, + u10u70) Vu, +Vp, =0

Moreover, Lemma 2 implies that

L lul® + [p|zdedt < &,
1

o [Pt e e <

1P 3
?Lfﬂ( lu, |+ [p, [)dxds < Ce,

We repeat the same arguments as Lemma 2 | it is con-
cluded that
[ Tu = u, Pdede < Copr
0

for all r (O,%). For allk =1,2,--- , Hélder con-

tinuity of u on the set Q1 follows from Campanato’s con-
dition. Moreover, the quantity
sup [u(z) |
zeQL
4
is bounded by an absolute constant.
The case k > 1 is treated with the help of the regu-

larity theory for the Stokes equations and bootstrap ar-

guments.
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