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Abstract: Instrumental variables(IVs) are widely used in mediation analysis to effectively reduce 

causal effect bias due to unobserved confounding factors and reverse causal direction that cannot be 

handled with conventional causal inference methods. Most IV methods in the literature are designed for 

cross-sectional studies. Longitudinal data can better reflect causal paths than cross-sectional data, which 

provides observations of individual patterns of changes and measurements of event duration. To our 

knowledge, there is no IV method specifically tailored for longitudinal mediation analysis in the litera‐

ture. A new IV method is proposed to estimate longitudinal mediation effects. Large sample properties, 

including consistency and asymptotic normality, are established for the new IV method. Simulation 

studies are provided to demonstrate the desired finite sample properties of the new method.
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Mediation analysis is widely used in biomedical and social sciences to investigate the mechanism underlying 

the effect transmission of an exposure variable on an outcome variable by an intermediate variable (i. e. , a media‐

tor) (Iacobucci,2008).  Natural and controlled mediation effects have been well defined for time-independent ex‐

posures (Robins et al. ,1992;Pearl,2001;Imai et al. ,2010).  Alternatively, lifetime mediation effects (LMEs) were 

defined for time-dependent exposures, which reflect mediation process by emphasizing time variations (La‐

brecque et al. ,2019;Labrecque et al. ,2020).  Since cross- sectional studies cannot provide time-related informa‐

tion such as observations of individual change pattern and measurements of event duration, it is natural to use lon‐

gitudinal data instead of cross-sectional data to estimate LMEs.

Mediation analysis suffers from unmeasured confounding factors in observational studies as either the expo‐

sure or the mediator is usually not randomly assigned, and instrumental variables (IVs) can be used to obtain a 

consistent estimate of the average causal effect including direct effect and mediation effect(s) in this situation 

(Smith et al. ,2003;Hernan et al. ,2006).  An IV is assumed to have no any direct effect on the outcome, which 

means that IV should influence outcome entirely via treatment variable (Mehta, 2001).  In econometrics, com‐

monly accepted IVs include aggregation data (Card et al. ,1996), natural phenomena (Cipollone et al. ,2007), so‐

cial distance and price (Hall et al. ,1999), as well as random assignment (RA) (Krause et al. ,2003).  These IVs 

suffer from some restrictions that are hard to overcome.  First, RA is based on randomization experiment that 

could be costly or even unable to conduct, and it is hard to have two or more RAs in a single study, limiting the 

application of RA in mediation analysis.  Second, other IVs based on observation studies could suffer from con‐
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founding factors, violating the no-direct-effect assumption.  In summary, it is generally difficult to find valid IVs 

in practice.  The method using genetic variants as IVs is referred to as Mendelian randomization (MR) (Lawlor et 

al. ,2008).  According to Mendel's law of independent assortment, a polymorphism can be served as randomized 

proxy markers for different exposures if they are indeed associated with the exposures.  MR has been widely used 

in causal inference studies (Grover et al. ,2017) due to the popularity of genomewide association studies.  MR has 

some extensions, such as multivariable MR (MVMR) and network MR, which have been used to estimate media‐

tion effect in MR studies (Burgess et al. ,2015;Sanderson et al. ,2019).

In the literature, some MR methods have been proposed to estimate LMEs using cross-sectional data under 

some assumptions about time (e. g. , constant genetic effect on the exposure) (Labrecque et al. ,2019).  However, 

these assumptions may be violated in practice, resulting in biased estimates of LMEs (Dumitrescu et al. , 2011;

Shirts et al. ,2011;Neu et al. ,2017).  In this paper, we aim to develop a valid MR method for estimating LMEs us‐

ing longitudinal data, which allows the genetic effect to be time varying.

The rest of this paper is organized as follows.  Some examples are given in Section 1 to illustrate that the 

existing MR methods are invalid for estimating LMEs when the effects of IV on exposures are time varying while 

the proposed MR method provides a consistent LME estimator.  The asymptotic normality of the proposed MR 

method is also established in this section.  In Section 2, the validity and advantages of the proposed method are 

illustrated through extensive simulations, and the proposed MR is shown to be quite robust to the violation of 

required identifiability conditions through sensitivity analyses.  Section 3 concludes the paper with a discussion 

and future research directions.

1　Methods

In this section, we first give the definition of LMEs, then show the identifiability of LMEs with MR method 

under some mild conditions.  Next, we develop a new statistical method for inferring LMEs.  Some large sample 

properties are established for the proposed method.

1. 1　Definitions of LMEs in mediation analysis

In this subsection, we restate the definitions of lifetime average causal effects (LACEs) for simple causal in‐

ference and LMEs for mediation analysis, which were originally given in Labrecque et al. (2019) and Labrecque 

et al. (2020).

In the simple causal inference problem, LACEs were defined as effects of shifting the entire exposure trajec‐

tory by one unit on the outcome variable at the last observation time of the exposure.  Unfortunately, LACEs can‐

not be consistently estimated with the traditional MR method without the assumption of constant genetic effect on 

the exposure.  In the context of mediation analysis, LMEs can be regarded as an extension of LACEs.  LMEs in‐

clude lifetime total effects (LTEs), lifetime direct effects (LDEs), and lifetime indirect effects (LIEs).  LTE is the 

effect of shifting the entire exposure trajectory by one unit on the outcome at the last observation time point; LDE 

is the effect of shifting the entire exposure trajectory by one unit, while holding mediator at the original state, on 

the outcome at the last observation time point; LIE is the effect of shifting the entire mediator trajectory by a cer‐

tain amount on the outcome at the last observation time point, where the amount of mediator shifting is what the 

mediator would have shifted due to shifting the entire exposure trajectory by one unit.  Like LACEs, LMEs can‐

not be consistently estimated with the existing MR method if the genetic effect on the exposure is time varying.

1. 2　Traditional MR methods

Before introducing our method, we briefly review the univariable MR method and two of its extensions for 

mediation analysis (i. e. , MVMR and 2SMR).

In univariable MR, the effect of the exposure on the outcome can be consistently estimated even when un‐

measured confounders are present as long as the genetic instruments are valid (refer to Sanderson(2021) for some 
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conditions required for the validity of univariable MR).  As two extensions of the univariable MR, MVMR (Bur‐

gess et al. ,2015) and two-step MR (2SMR) (Relton et al. ,2012) are widely used to determine the proportion of 

the total effect of the exposure on the outcome that acts through particular mediators.  The key idea of 2SMR is 

using univariable MR twice to estimate the indirect effect of the exposure on the outcome.  MVMR allows for 

multiple exposures, and the effect of any exposure on the outcome can be consistently estimated as long as the 

genetic instruments are valid (refer to Sanderson(2021) for conditions required for the validity of MVMR).  

Generally speaking, in mediation analysis with a single time point, univariable MR estimates the total effect of 

the exposure on the outcome while MVMR estimates the direct effect of the exposure on the outcome.

1. 3　The existing MR methods are not valid for estimating LMEs

We use a simple example to illustrate that the traditional MR method cannot consistently estimate LMEs, 

which is graphically depicted in Fig. 1(a).  This example involves two instrumental variables, one exposure and 

one mediator evaluated at two time points, respectively, as well as one outcome at the second time point.  Specifi‐

cally, GA and GB represent one or more genetic variants (instrumental variables), A0 and A1 are continuous expo‐

sures at two time points, B0 and B1 are continues mediators at two time points, and Y is the outcome of interest.  

For simplicity, unmeasured confounders between the exposure and the mediator, the mediator and the outcome, as 

well as the exposure and the outcome, are not shown in this graph.

We use the potential outcome framework (Rubin,1974;Splawa-Neyman et al. ,1990) to define LMEs.  Let 

Y ā,b̄
k  denote the outcome variable that would have been observed at the kth time point had the exposure trajectory 

Ā ≔ ( A0,…, Ak ) been set to ā ≔ (a0,…,ak ) and the mediator trajectory B̄ ≔ (B0,…,Bk ) been set to b̄ ≔ (b0,…,bk ), 
where k is any non-negative integer.  Let B̄ ( ā) denote the potential mediator trajectory with Ā = ā.

Let 1̄ denote a (k + 1)-vector of 1.  According to the definitions, LTE, LDE, and LIE can be expressed as

μLTE = E [Y ā + 1̄，b̄ ( )ā + 1̄
k - Y ā，b̄ ( )ā

k ]，      μLDE = E [Y ā + 1̄，b̄ ( )ā
k - Y ā，b̄ ( )ā

k ]
and

μLIE = E [Y ā + 1̄，b̄ ( )ā + 1̄
k - Y ā + 1̄，b̄ ( )ā

k ]
respectively.

Unfortunately, the traditional MR method cannot consistently estimate LMEs if the effects of genetic instru‐

ments on the exposure or mediator are not constant (i. e. , αg0 ≠ αg0αa01 + αg1 or βg0 ≠ βg0 βb01 + βg1, where αg0 is 

the genetic effect on A0, αg1 is the direct genetic effect on A1, αa01 is the causal effect of A0 on A1, βg0 is the genetic 

effect on B0, βg1 is the direct genetic effect on B1, and βb01 is the causal effect of B0 on B1).  The traditional MR 

methods focus on estimating the effects of point or time-fixed exposures on the outcome using the effects of ge‐

netic instruments on the exposures and the outcome.  According to the definitions, LMEs involves the entire tra‐

jectory of the exposures.  Since genetic instruments affect the outcome only through the exposures as assumed in 

the framework of MR methods, traditional MR methods require time-independent effects of genetic instruments 

Fig. 1　(a) An example of longitudinal mediation model for illustrating the definitions of LMEs;

 (b) The proposed longitudinal mediation effect model for estimating LMEs.
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on the exposures to consistently estimate LMEs .  In the model depicted in Fig. 1(a), the effects of genetic instru‐

ments on the exposures are functions of time-varying causal effects αt's, βt's and γt's.  Consequently, the tradi‐

tional MR methods specifically tailored for cross-sectional data are not valid in estimating LMEs if αt's, βt's and 

γt's are time dependent.

1. 4　The proposed longitudinal mediation effect model and identifiability of LMEs

We propose to use the following longitudinal mediation effect model:

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

A0 = αg0GA + αgabGAB + U1 + U2 + εA0，

B0 = βg0GB + βgabGAB + βa00A0 + U1 + U3 + εB0，

A1 = αa01A0 + U1 + U2 + εA1，

B1 = βb01B0 + βa01A0 + βa11A1 + U1 + U3 + εB1，

Y = γa1A1 + γb1B1 + U2 + U3 + εY，

（1）

where U1, U2, and U3 are unmeasured confounders between the exposure and the mediator, the exposure and the 

outcome, and the mediator and the outcome, respectively.  GAB is genetic instrument associated with both the expo‐

sure and the mediator.  This model is graphically shown in Fig. 1(b).  In model (1), only two time points are con‐

sidered for simplicity, but this model actually allows for multiple time points.

Now we consider the identifiability of LMEs in the context of model (1).  In addition to the identifiability 

conditions required for the traditional MR method designed for cross-sectional data (Grover et al. ,2017), we need 

some extra conditions since the genetic effects on exposures and mediators are time varying.

Assumption 1   Linearity of associations (parametric form): All the associations are linear (all the possible 

relationships between genetic variant, exposure, mediator, confounders, and outcome), as shown in model (1).

Assumption 2   No correlation or interaction between components of the genetic instrument: All the genetic 

variants are not correlated with each other and show no interaction among each other.

Assumption 3   Effect homogeneity: There is no difference in the causal effect between variables of differ‐

ent individuals.

Assumption 4   Let An denote an exposure variable at time point n, Ym an outcome variable at time point m, 

and γnm the causal effect of An on Ym (0 ≤ n ≤ m ≤ k), then γnk = 0 for n < k.
Assumption 5   Let GA denote a genetic variable, An an exposure variable at time point n, and Bn a mediator 

variable at time point n.  Assume that GA affects {A0,…, Ak} only through A0, its total genetic effect on An depends 

on n, and the causal effect of An on Bn do not depend on n.  Specifically, let αn denote the direct effect of GA on An, 
αnm the effect of An on Am, and βnm the effect of An on Bm (0 ≤ n ≤ m ≤ k).  Assume that α0 ≠ 0, αn = 0 for 1 ≤ n ≤
k, and αnm ≠ 1 and βnn = βmm for 0 ≤ n ≤ m ≤ k.

Assumptions 1-3 specify parametric conditions for deriving the average causal effect in the traditional MR 

method.  The newly proposed Assumption 4 is reasonable since we can expect that the effects of exposures and 

mediators on the final outcome satisfy the Markov property.  Assumption 5 can be explained as follows.  Since 

the genetic effects are congenital, GA has no direct effects on A1,…, Ak give A0.  Since we assume that the causal ef‐

fects are time varying, αnm should not be 1.  For example, A0 and A1 can be expressed as A0 = γ0 + α0GA + ε0 and 

A1 = γ1 + α01A0 + ε1 = γ1 + α01γ0 + α01α0GA + α01ε0 + ε1, respectively, so that the effects of GA on A0 and A1 are 

α0 and α01α0, respectively.  Therefore, the genetic effects are time varying if and only if α01 ≠ 1.  Furthermore, it 

is reasonable to assume that the effect of the exposure on the mediator at the same time point is time independent 

(βnn is free of n).

We have the following identifiability results:

Theorem 1   Under the longitudinal mediation model (1) and Assumptions 1-5, LMEs can be expressed as 

 μLTE = γa1 +  γb1( βa00 βb01 + βa01 + βa11 ), μLDE = γa1, and μLIE = γb1 )( βa00 βb01 + βa01 + βa11  .

The proof of Theorem 1 is postponed to Appendix A. 1 in Supplementary Material.
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1. 5　Statistical inference of LMEs and its large sample properties

From now on, we focus on the model depicted in Fig. 1(b).  We present an estimation algorithm for LMEs 

and some associated large sample properties including consistency and asymptotic normality.  Our method is 

based on MVMR and univariable MR.

According to Theorem 1, we only need to estimate βa00, βb01, βa01, βa11, γa1, γb1, which can be determined by 

θ1,…,θ8 depicted in Fig. 2 and Fig. 3:

γb1 = θ2， γa1 = θ1， αa01 = θ8， βa00 = θ5， βb01 = θ7，

αa01 βa11 + βa01 = θ6， γb1( βa00 βb01 + βa01 + βa11αa01 ) = θ4 - θ1θ8，

where the causal effects θ1, θ2, θ6 and θ7 can be estimated using MVMR, the causal effects θ3, θ4, θ5, θ8 can be esti‐

mated using univariable MR.

Plugging the above expressions into the formulas in Theorem 1, we have (refer to Appendix A. 2 in Supple‐

mentary Material for a proof)

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

μLTE = θ3 - ( )θ3
θ4

- 1 ( )θ5θ7 + θ6 - θ8θ5 θ2 ≕ LT( )Θ ，

μLDE = θ1 ≕ LD( )Θ ，

μLIE = θ3 - ( )θ3
θ4

- 1 ( )θ5θ7 + θ6 - θ8θ5 θ2 - θ1 ≕ LI( )Θ .
（2）

We propose to estimate θ1,…,θ8 using MVMR and univarible MR.  Specifically, applying MVMR (Burgess 

et al. ,2015) to the models depicted in Fig. 2(a) and Fig. 2(b), we can obtain consistent estimates of (θ1,θ2) (de‐

noted by (θ̂1,θ̂2)) and (θ6,θ7)(denoted by (θ̂6,θ̂7)), respectively; Applying the univariable MR method (Grover et al. ,

2017), we can obtain consistent estimates of θ3,θ4, θ5, and θ8 based on models depicted in Fig. 3, which are de‐

noted by θ̂3,θ̂4, θ̂5, and θ̂8, respectively.

Denote Θ = (θ1,θ2,θ3,θ4,θ5,θ6,θ7,θ8 )′ and Θ̂ = ( θ̂1,θ̂2,θ̂3,θ̂4,θ̂5,θ̂6,θ̂7,θ̂8 )′.  Let LT(Θ̂), LD(Θ̂), and LI(Θ̂) be the 

resulting estimators of the LMEs μLTE, μLDE, and μLIE.

Theorem 2   Under the model depicted in Fig. 1(b) and Assumptions 1-5, we have the following large sam‐

ple properties:

(i) LT(Θ̂), LD(Θ̂), and LI(Θ̂) are consistent estimates of LT(Θ), LD(Θ), and LI(Θ), respectively.

(ii) LT(Θ̂), LD(Θ̂), and LI(Θ̂) are asymptotically normal:

Fig. 2　Two models extracted from the proposed model shown in Fig. 1(b) 

Fig. 3　Models extracted from the proposed model shown in Fig. 1(b)
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n (LT(Θ̂) - LT(Θ) )¾®¾¾
D
N{0，σ2

T}，

n (LD(Θ̂) - LD(Θ) )¾®¾¾
D
N{0，σ2

D}，

n (LI(Θ̂) - LI(Θ) )¾®¾¾
D
N{0，σ2

I}，

where σ2
T, σ2

D, and σ2
I  are asymptotic variances of LT(Θ̂), LD(Θ̂), and LI(Θ̂), respectively, whose specific forms are 

presented in the proof given in Appendix A. 2 (Supplementary Material).

According to the theorem above, we can derive the confidence intervals of LMEs.

2　Simulation studies

2. 1　Considered methods

We considered three methods in our simulation studies.  The first method is our proposed method, which is 

termed l-MR since it is a Mendelian randomization method designed for longitudinal data.  The second method is 

the traditional Mendelian randomization method designed for cross-sectional studies (termed cs-MR) (Burgess et 

al. ,2015).  The third method is the parallel process latent growth curve modeling (pp-LGM) (Cheong et al. ,2003) 

developed in the framework of structural equation modeling (SEM), which is specifically tailored for longitudinal 

mediation analysis without using IVs.

2. 2　Data generation models

Data were generated according to the following linear models:

ì
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A0 = αg0GA + αg1GAB + U1 + U2 + εA0，

B0 = βg0GB + βg1GAB + βa00A0 + U1 + U3 + εB0，

A1 = αg1GA + αa01A0 + U1 + U2 + εA1，

B1 = βg1GB + βb01B0 + βa01A0 + βa11A1 + U1 + U3 + εB1，

A2 = αg2GA + αa12A1 + U1 + U2 + εA2，

B2 = βg2GB + βb12B1 + βa12A1 + βa22A2 + U1 + U3 + εB2，

Y = γa0A0 + γb0B0 + γa1A1 + γb1B1 + γa2A2 + γb2B2 + U2 + U3 + εY，

（3）

where GA, GAB, GB were independent and identically distributed from the Bernoulli distribution with trial number 2 

and successful rate 0. 3, and U1, U2, U3, εA0, εB0, εA1, εB1, εA2, εB2, and εY were standard normally distributed.  Here 

GA, GAB, and GB measure additive genetic patterns of three biallelic genetic variants with a common minor allele 

frequency of 0. 3, which serve as instrumental variants for A, B, and ( A,B ), respectively.  U1, U2, and U3 quantify 

different confounders in the associations between the exposure, mediator, and outcome.

In the next three subsections, we consider three situations: the first with Assumption 4 and Assumption 5 

satisfied (Section 2. 3), the second with Assumption 4 or Assumption 5 violated (Section 2. 4), the last with se‐

lection bias of IVs (Section 2. 5).  In all situations, αa01 = 0.8, αa12 = 0.75, βa00 = 0.26, βb01 = 0.8, βa01 = 0.121, 

βa11 = 0.26, βb12 = 1, βa12 = 0.151 and βa22 = 0.26.  For each of the parameter combinations considered in the next 

three subsections, the simulation results reported in the next subsection were based on 1 000 data sets of size 

3 000.

2. 3　Assumption 4 and Assumption 5 satisfied

We considered various combinations of γa2 and γb2: (γa2 = 1, γb2 = 1), (γa2 = 1, γb2 = 0.25), (γa2 = 0.25, γb2 =
1), and (γa2 = 0.25, γb2 = 0.25), corresponding to four causal effect scenarios: (strong LDE, strong LIE), (strong 

LDE, weak LIE), (weak LDE, strong LIE), (weak LDE, weak LIE).  The other parameters were fixed: αg0 = 0.9, 

αgab = 0.9, βg0 = 0.9, βgab = 0.9, αg1 = 0, βg1 = 0, αg2 = 0, βg2 = 0, γa0 = 0, γb0 = 0, γa1 = 0, and γb1 = 0.  All of these 

scenarios have strong IV effects indicated by αg0 = 0.9, αg0 = 0.9, βg0 = 0.9, and βgab = 0.9.

We also considered various combinations of αg0, αgab, βg0, and βgab: (αg0 = βg0 = 0.9, αgab = βgab = 0.9), (αg0 =
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βg0 = 0.9, αgab = βgab = 0.3), (αg0 = βg0 = 0.3, αgab = βgab = 0.9), and (αg0 = βg0 = 0.3, αgab = βgab = 0.3), correspond‐

ing to four IV effect scenarios: (strong single genetic effect, strong pleiotropic genetic effect (Burgess et al. ,

2015)), (strong single genetic effect, weak pleiotropic genetic effect), (weak single genetic effect, strong pleiotro‐

pic genetic effect), (weak single genetic effect, weak pleiotropic genetic effect).  Here single genetic effect refers to 

the effect of genetic variants without pleiotropy and pleiotropic genetic effect refers to the effect of genetic variants 

with pleiotropy.  All of the above scenarios have weak LDE and strong LIE indicated by γa2 = 0.25 and γb2 = 1.

Table1 shows mean estimates, mean square errors (MSE), mean standard errors (SE), coverage probabilities 

(CP), and standard error of the estimates of these effects (SEE).

In all of the four scenarios for various causal effect combinations, the l-MR method outperforms the other 

methods in estimating LMEs.  Overall, the l-MR method has very minor estimation biases, SEs close to SEEs, 

and coverage probabilities close to the nominal level 95%.  Since the cs-LGM method assumes that genetic ef‐

fects are constant but the true values are time varying, it is not surprising that the estimation biases were quite 

large and the coverage probabilities were low.  Due to the definition difference, the estimation results of the pp-

LGM method were also poor, with the largest estimation biases and the lowest coverage probabilities among the 

three considered methods.

Simulation results for the four IV-effect combinations are reported in Table2.  The estimation efficiency of 

the l-MR method appeared to be largely affected by pleiotropic genetic variants.  To be specific, strong pleiotro‐

pic genetic variants favored the estimation of LMEs indicated by much smaller SEs and well controlled CPs.  In 

the weak-IV situation, however, the l-MR method had a poorer performance indicated by much larger SEEs and 

slightly inflated CPs.  In addition, cs-MR and pp-LGM perform much poorer than l-MR in terms of estimation 

biases and CPs in all of the four scenarios.

2. 4　Assumption 4 or Assumption 5 violated

The l-MR method is based on Assumption 4 and Assumption 5, but these assumptions could be violated in 

Table 1　Estimation results of simulation

Scenario

Scenario1

（Weak LIE

Weak LDE）

Scenario2

（Weak LIE

Strong LDE）

Scenario3

（Strong LIE

Weak LDE）

Scenario4

（StrongLIE

StrongLDE）

Effect

LTEi

LDEj

LIEk

LTE

LDE

LIE

LTE

LDE

LIE

LTE

LDE

LIE

Trued

0. 5

0. 25

0. 25

1. 25

1

0. 25

1. 25

0. 25

1

2

1

1

cs-MRa

0. 010

0. 006

0. 012

0. 011

0. 021

0. 024

0. 142

0. 006

0. 141

0. 145

0. 020

0. 156

MSEe SEf

0. 057

0. 078

0. 071

0. 056

0. 144

0. 141

0. 124

0. 076

0. 126

0. 127

0. 141

0. 171

SEEg

0. 058

0. 080

0. 071

0. 059

0. 149

0. 145

0. 129

0. 080

0. 130

0. 129

0. 145

0. 180

CPh

0. 663

0. 966

0. 704

0. 640

0. 963

0. 872

0. 204

0. 966

0. 203

0. 213

0. 950

0. 456

l-MRb

0. 004

0. 004

0. 003

0. 004

0. 004

0. 002

0. 016

0. 004

0. 012

0. 016

0. 005

0. 011

MSE SE

0. 064

0. 066

0. 051

0. 062

0. 064

0. 047

0. 126

0. 064

0. 108

0. 128

0. 067

0. 107

SEE

0. 065

0. 066

0. 050

0. 065

0. 066

0. 050

0. 129

0. 066

0. 112

0. 129

0. 066

0. 112

CP

0. 957

0. 950

0. 957

0. 957

0. 950

0. 957

0. 962

0. 949

0. 965

0. 970

0. 946

0. 960

pp-LGMc

3. 832

5. 689

18. 837

13. 234

19. 928

65. 547

17. 414

12. 621

59. 667

33. 176

20. 544

105. 923

MSE SE

0. 056

0. 171

0. 190

0. 081

0. 315

0. 339

0. 131

0. 108

0. 193

0. 148

0. 153

0. 244

SEE

0. 056

0. 140

0. 154

0. 074

0. 266

0. 281

0. 127

0. 091

0. 171

0. 142

0. 132

0. 210

CP

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

acs-MR， a traditional Mendelian randomization using cross-sectional data； bl-MR， the proposed method；
cpp-LGM， the parallel process latent growth curve modeling method. d  True， the true value of lifetime effect；
eMSE， mean standard error； fSE， standard error of estimated causal effects；gSEE， mean of estimated standard error；
hCP， the coverage probability of 95% confidence intervals. iLTE， lifetime total effect； jLDE， lifetime direct effect；
kLIE， lifetime indirect effect.
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real world.  In order to investigate the robustness of l-MR, we considered three scenarios with either Assumption 

4 or Assumption 5 being violated: (Assumption 4 violated, Assumption 5 satisfied), (Assumption 4 satisfied, As‐

sumption 5 violated), and (Assumption 4 violated, Assumption 5 violated).

Only Assumption 4 violated.  We varied γa0 = γb0 and γa1 = γb1 from 0 to 0. 25.  Here 0. 25 was the critical 

value such that the causal effects of A0, B0, A1, and B1 were smaller than or equal to those of A2 and B2.  The esti‐

mation biases of l-MR and cs-MR are depicted in Fig. 4, the coverage probabilities of 95% confidence intervals 

of l-MR are depicted in Fig. 5, and the estimation results of l-MR are summarized in Table3.  As expected, cs-MR 

and l-MR had the same estimation biases for LDE, which were minor overall.  As for LTE and LIE, cs-MR had 

much larger biases for LTE and LIE, and the biases of both methods were gradually increasing with γa0 and γa1.  

The CPs were decreasing with γa0.  To be specific, as for LTE, the CP ≥ 88.7% for γa0 < 0. 125 ; as for LDE, the 

CP ≥ 86.9% for γa0 < 0. 062 5; as for LIE, the CP ≥ 87.0% for γa0 < 0. 062 5.  The results suggest that l-MR is 

somewhat robust to the violation of Assumption 4.

Only Assumption 5 violated.  It is natural to assume that the effect of GA on A1 does not exceed that of GA on 

A0, i. e. , αg1 + αg0αa01 ≤ αg0 and Assumption 5 holds when αg1 + αg0αa01 = αg0.  Consequently, we varied αg1 from 

0 to (αg0 - αg0αa01 ).  Similarly, we assume that the effect of GA on A2 does not exceed that of GA on A0.  Therefore, 

we varied αg2 from 0 to (αg0 - αg0αa12 ).  The estimation results of l-MR are summarized in Appendix C Table S. 2 

(Supplementary Material), the estimation biases of l-MR and cs-MR are depicted in Appendix B Figure S. 1 

(Supplementary Material), and the coverage probabilities of 95% confidence intervals of l-MR are depicted in Ap‐

pendix B Figure S. 2 (Supplementary Material).  The estimation biases of LTEs and LIEs by cs-MR were evi‐

dently decreasing with αg1.  This is reasonable since the violation of Assumption 5 is decreasing with αg1 for αg1 ≤
(αg0 - αg0αa01 ) and αg2 for αg2 ≤ (αg0 - αg0αa12 ).  On the other hand, the biases of l-MR were very minor for all αg1 

and αg2, demonstrating that l-MR is robust to the violation to Assumption 5 to some extent.

Both Assumption 4 and Assumption 5 violated.  We varied γa0 = γb0 = γa1 = γb1 from 0 to γa2, αg1 = βg1 from 

Table 2　Estimation results for simulating the effects of weak instrumental variables

Scenario

Scenario1

（Weak

Weak）

Scenario2

（Weak

Strong）

Scenario3

（Strong

Weak）

Scenario4

（Strong

Strong）

Effect

LTEi

LDEj

LIEk

LTE

LDE

LIE

LTE

LDE

LIE

LTE

LDE

LIE

Trued

0. 5

0. 25

0. 25

0. 5

0. 25

0. 25

0. 5

0. 25

0. 25

0. 5

0. 25

0. 25

cs-MRa

0. 076

0. 488

0. 475

0. 058

12. 640

12. 654

0. 011

0. 006

0. 012

0. 012

0. 006

0. 012

MSEe SEf

0. 257

0. 697

0. 687

0. 233

3. 552

3. 556

0. 057

0. 079

0. 070

0. 058

0. 078

0. 069

SEEg

2. 214

15. 452

14. 160

2. 217

9. 785

8. 320

0. 058

0. 080

0. 070

0. 058

0. 081

0. 071

CPh

0. 946

1. 000

0. 982

0. 953

0. 999

0. 989

0. 657

0. 958

0. 690

0. 621

0. 965

0. 708

l-MRb

0. 067

0. 052

0. 055

0. 092

0. 045

0. 067

0. 003

0. 004

0. 002

0. 004

0. 004

0. 002

MSE SE

0. 258

0. 228

0. 235

0. 299

0. 212

0. 256

0. 060

0. 066

0. 043

0. 064

0. 065

0. 048

SEE

1. 364

0. 304

1. 334

2. 586

0. 290

2. 564

0. 062

0. 067

0. 044

0. 065

0. 066

0. 049

CP

0. 973

0. 983

0. 996

0. 980

0. 988

0. 996

0. 951

0. 956

0. 960

0. 947

0. 940

0. 957

pp-LGMc

2. 935

3. 779

0. 053

1. 767

2. 406

0. 049

5. 391

4. 004

18. 646

3. 821

5. 653

18. 746

MSE SE

0. 061

0. 059

0. 011

0. 056

0. 055

0. 008

0. 060

0. 189

0. 210

0. 053

0. 163

0. 178

SEE

0. 050

0. 048

0. 006

0. 051

0. 051

0. 004

0. 056

0. 162

0. 175

0. 056

0. 139

0. 154

CP

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

0. 000

acs-MR， a traditional Mendelian randomization using cross-sectional data； bl-MR， the proposed method；
cpp-LGM， the parallel process latent growth curve modeling method.  dTrue， the true value of lifetime effect；
eMSE， mean standard error；fSE， standard error of estimated causal effects； 
gSEE， mean of estimated standard error； hCP， the coverage probability of 95% confidence intervals.
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0 to (αg0 - αg0αa01 ), and αg2 = βg2 from 0 to (αg0 - αg0αa12 ).  The estimation biases of l-MR and cs-MR are de‐

picted in Appendix B Figure S. 3 (Supplementary Material), the coverage probabilities of 95% confidence inter‐

vals of l-MR are depicted in Appendix B Figure S. 4 (Supplementary Material), and the estimation results of 

l-MR are summarized in Appendix C Table S. 3 (Supplementary Material).  Similar to the simulation results with 

only Assumption 5 violated, the estimation biases of LTEs and LIEs by cs-MR were evidently decreasing with 

αg1, and approximately equal to the estimation bias with l-MR when αg1 = αg0 - αg0αa01, as expected.  Addition‐

ally, the biases of LDEs by l-MR and cs-MR were simultaneously increasing with αg1.  Generally speaking, l-MR 

is doubly robust to the violation of Assumption 4 and Assumption 5.

2. 5　Selection bias of instrumental variables

Mendelian randomization analysis, on which l-MR method is based, suffers from bias caused by selecting in‐

strumental variables.  In order to investigate the influence of selection bias on l-MR, we considered six true ge‐

Fig. 4　Estimation biases under model (3) with Assumption 4 violated.  Four effects quantifying departure from Assumption 4 

(i. e. , γa0, γa1, γb0, and γb1) were assumed to be the same and ranged from 0 to 0. 25.  The three subfigures show the estimation

 biases of cs-MR (the traditional Mendelian randomization designed for cross-sectional data) and l-MR 

(our proposed method designed for longitudinal data) for LTE, LDE, and LIE, respectively.

Fig. 5　Coverage probabilities (CPs) of 95% CIs of causal effects LTE, LDE, and LIE by l-MR with Assumption 4 violated.  Refer 

to the caption of Fig. 4 for simulation settings.  The red dashed line represents the nominal level 0. 95.
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netic instruments scenarios: (two strong genetic instruments related to the exposure, a strong pleiotropic genetic 

instrument, a strong genetic instrument related to the mediator), (a strong and a weak genetic genetic instruments 

related to the exposure, a strong pleiotropic genetic instrument, a strong genetic instrument related to the media‐

tor), (two strong pleiotropic genetic instruments, a strong genetic instrument related to the exposure,a strong ge‐

netic instrument related to the mediator), (a strong and a weak pleiotropic genetic instruments, a strong genetic in‐

strument related to the exposure,a strong genetic instrument related to the mediator), (two strong genetic instru‐

ments related to the mediator, a strong pleiotropic genetic instrument, a strong genetic instrument related to the 

exposure), and (a strong and a weak genetic genetic instruments related to the mediator, a strong pleiotropic ge‐

netic instrument, a strong genetic instrument related to the exposure).  All of these scenarios have strong IV ef‐

fects indicated by αg0 = 0.9, αgab = 0.9, βg0 = 0.9, and βgab = 0.9, weak LDE and strong LIE indicated by 

γa2 = 0.25 and γb2 = 1.

Simulation results for the six true genetic instruments scenarios are reported in Appendix C Table S. 4 

(Supplementary Material).  The estimation efficiencies of l-MR, cs-MR, and pp-LGM are close to their respective 

performance in the situation where the true genetic instruments are a strong genetic instrument related to the expo‐

sure, a strong pleiotropic genetic instrument, and a strong genetic instrument related to the mediator (i. e.  Sce‐

nario 3 in Table 1).  The selection bias has minor impact on l-MR in the simulation situations.

3　Discussion

In observational studies, instrumental variables are widely used to control estimation biases of causal effects 

due to confounding and reverse causation.  Longitudinal data can be used to capture the mediator process more 

finely, and lifetime mediation effects have been defined to reflect the nature of such process.  However, there is 

no instrumental variable method, including Mendelian randomization, specially tailored for longitudinal media‐

tion analysis in the literature.

In this paper, we considered a longitudinal mediation model with time-varying genetic effects.  It has been 

shown that the traditional Mendelian randomization method cannot consistently estimate LMEs under such 

model.  Under several reasonable assumptions, we first established the identifiability of lifetime mediation ef‐

fects, then developed a new Mendelian-randomization based method to estimate longitudinal mediation effect, 

which is consistent in the presence of time-varying genetic effects.  Simulation studies were conducted to demon‐

strate the desired performance of our proposed method.  The results showed that the proposed method generally 

outperform existing methods in estimating lifetime mediation effects in the presence of time-varying genetic ef‐

fects.  Sensitivity analysis studies showed that the proposed method is much more robust to the violation of two 

Table 3　Performance of l-MR in the case of violating Assumption 4

γa0
d

0. 000

0. 063

0. 125

0. 188

0. 250

LTEa

Truee

1. 25

1. 428

1. 606

1. 784

1. 962

MSEf

0. 016

0. 018

0. 023

0. 032

0. 046

SEg

0. 128

0. 129

0. 129

0. 136

0. 140

SEEh

0. 129

0. 130

0. 132

0. 135

0. 139

CPi

0. 944

0. 932

0. 887

0. 832

0. 757

LDEb

True

0. 25

0. 375

0. 5

0. 625

0. 75

MSE

0. 004

0. 006

0. 012

0. 023

0. 039

SE

0. 066

0. 061

0. 059

0. 063

0. 072

SEE

0. 066

0. 06

0. 059

0. 064

0. 074

CP

0. 944

0. 869

0. 649

0. 422

0. 288

LIEc

True

1

1. 053

1. 106

1. 159

1. 212

MSE

0. 013

0. 021

0. 046

0. 087

0. 147

SE

0. 113

0. 117

0. 132

0. 145

0. 159

SEE

0. 112

0. 122

0. 133

0. 145

0. 158

CP

0. 942

0. 87

0. 734

0. 548

0. 384

aLTE， lifetime total effect； bLDE， lifetime direct effect； cLIE， lifetime indirect effect；

dγa0， the direct effects of exposure and mediator on outcome ahead of terminal time point.

eTrue， the true value of lifetime effect； fMSE， mean standard error； gSE， standard error of estimated causal effects；

hSEE， mean of estimated standard error；iCP， the coverage probability of 95% confidence intervals.
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assumptions for the validity of Mendelian randomization, compared with the traditional longitudinal mediation 

analysis methods.

Our method still has several limitations, part of which are shared by the traditional MR methods (Smith et 

al. ,2004).  For example, the method could suffer from the weak instrument bias.  Second, our proposed method 

estimates time-varying parameters sequentially, which becomes quite complex if too many time points are in‐

volved.  It deserves further investigation to develop more suitable method, such as latent growth curve modeling 

method (Soest et al. ,2011) in such situation.

4　Supplementary material
Supplementary material is available at https://github.com/SherryJ-lab/Supplementary-Material.
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基于孟德尔随机化方法的纵向中介分析

朱学智， 张洪

中国科学技术大学管理学院，安徽 合肥 230026

摘要：工具变量法广泛应用于中介分析，能够有效避免传统因果推断方法面临的难题，即由于未观测到的混淆

因素和逆向因果造成的对因果效应的估计偏差 . 现有的工具变量方法大多服务于横断面研究，但纵向数据相较于

截面数据能更好地反映因果路径。现有的文献中没有针对纵向中介分析的工具变量方法 . 为此本文开发了一种新

的工具变量法用来估计纵向中介效应，同时建立了新方法的大样本性质，包括相合性和渐近正态性 . 另外，一系

列模拟研究的结果展示了新方法的有限样本性质 .

关键词：因果推断；孟德尔随机化；中介分析；纵向数据
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