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Abstract: Investigating analytical solutions for dynamical equations is of considerable importance, as
it enables accurate prediction of long-term evolutionary behaviors of systems and provides reliable
criteria for evaluating numerical algorithms and their solutions in complex nonlinear contexts. This
paper focuses on the Emden-Fowler equation, which possesses broad physical relevance and frequently
arises in practical applications including stellar structure, plasma physics, and thermal conduction
phenomena. For a specific parameter set of this equation, we employ Lie symmetry analysis methods
and conduct an in-depth investigation of its mathematical structure and dynamical characteristics.
Through this approach, three pairwise independent first integrals of the system are successfully
derived. According to the complete integrability theory, the system demonstrates complete integrability
in the Liouville sense, guaranteeing that its general solution can be obtained through the method of
quadrature. Within the framework of differential equations, the system also exhibits complete
integrability with three pairwise independent first integrals, thus allowing the general solution to be
constructed using any two ofthem. The research outcomes not only provide a precise characterization of

long-term dynamical behavior for this specific class of Emden-Fowler equations but also establish a
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theoretical basis for assessing the reliability of numerical algorithms applied to other Emden-Fowler-
type nonlinear systems. Furthermore, this study offers substantial theoretical support for system
analysis and simulation verification in various engineering practices.

Key words: nonlinear differential equation; symmetry; first integral; complete integrability; analytic

solution
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Fig. 1 Dynamical evolution of the system under different initial values
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Fig. 2 Dynamical evolution of the system under different initial values
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Fig. 3 Dynamical evolution of the system under different initial values
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Fig. 4 Dynamical evolution of the system under different initial values
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