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Fractional calculus-based modeling of constitutive relations for

viscoelastic materials

Wang Yingchun, Liu Jike, Cai Shengming, Chen Yanmao, Liu Qixian
School of Aeronautics and Astronautics, Sun Yat-sen University, Shenzhen 518107 ,China

Abstract: Based on the theory of fractional-order viscoelastic mechanics and classical elements, a
constitutive model has been established that can accurately characterize the creep and dynamic
mechanical behavior of polymers. In response to the damage evolution characteristics during the
material rheological process, a damage variable considering time effects is introduced to construct a
damage-involved fractional-order constitutive relationship, effectively representing the mechanical
response of the material in complex nonlinear processes such as stress relaxation and accelerated creep.
To verify the reliability of the model, a dynamic mechanical analysis model was built based on the
fractional-order Poynting-Thomson model, and comparative validation was conducted through
dynamic mechanical experiments. The results show that the hysteresis loop curves fitted by the model
are highly consistent with the experimental data, demonstrating the effectiveness of fractional
derivatives in describing the dynamic mechanical properties of polymers.
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Fig. 4 Creep results by Maxwell and Burgers models
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Fig. 5 Stress relaxation results by Maxwell and Burgers models
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Table 1 Best-fitting creep-parameters of fractional model
FELHY E/MPa  E/MPa E/MPa n/(MPah) n,/(MPah)  ny(MPah) a B Y
Maxwell(EPR) 10 881 - - 108 280 - - 0.1717 - -
Maxwell(PMMA) 1919.5 - - 13573 - - 0.2011 - -
STCHF(EPR) 11 497 7900. 7 11 524 12 289 9498. 6 10439 0.012'1 0.263 4 0.01
SILIF(PMMA) 1964.2 4549.3 1214 2289.4 2101.1 2260.7 0.0655 0.1264  0.1026
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Table 2 Best-fitting stress relaxation-parameters of fractional model
ALY E/MPa  E/MPa  E/MPa n,/(MPah)  75,/(MPah)  n,/(MPah) a Y
Maxwell(EPR) 102. 53 8287.6 - 253.719 9811. 14 - 0.049 2 0.0124 -
Maxwell(PMMA ) 25.0539 118.9 - 275. 488 50 000 - 0.2345 0.0112 -
7576 (EPR) 11 749 8795.5 8010.1 13 110 7046.5 6015.2 0.049 6 0.96 0.01
NIGIF(PMMA) 1857.6 3371.4 1622.8 2301.2 1614.2 3233.5 0.056 1 0.4933 0.0311
3 ) U KelvinBA (GK) AU A5G AE S 50U(E)
Table 3  Best-fitting creep-parameters of Generalized Kelvin(E)
1k E,/ MPa E,/GPa E,/GPa E,/GPa E,/ GPa Es/ MPa E/ GPa E,/ GPa
EPR 10 881 450. 85 669. 95 216. 04 9611.3 9611.3 445. 68 435.25
PMMA 1919.5 35.325 49.283 108. 57 43.103 48.176 95.934 49. 099
F4 T X Kelvin B8 (GK) M ARA IR E S5 (n)
Table 4 Best-fitting creep-parameters of Generalized Kelvin GPa‘h
AL Mo m, 1, UR N Ns Me My
EPR 16 769 280. 68 417.72 1665.4 1.6185 4.9386 2717. 46 272.18
PMMA 1434.1 119. 46 1.683 6 368. 74 381.93 2.266 1 321.59 0.5515
5 ] U Maxwell B8 (GM) I LG B 1 it 280 (E)
Table 5 Best-fitting stress relaxation-parameters of Generalized Maxwell(E)
oyt E,/MPa E,/GPa E,/GPa E,/GPa E,/ GPa E/ MPa E,/ GPa E,/ GPa
EPR 74.024 7 521259 12.3558 12.3558 3.9209 6.3483 1.0215 1.0215
PMMA 15.987 6 0.6557 1.4137 1.236 6 0.3978 0.547 4 0.246 8 0.787 4
F6 ] U Maxwel B (GM) IR L L S R st 288 ()
Table 6 Best-fitting stress relaxation-parameters of Generalized Maxwell(n) MPa-h
kB M M, M M4 s M6 UB
EPR 512.39x10° 3.960 2 3.960 2 3.960 2 3.960 2 4.0195 4.0195
PMMA 0.3922 0.978 8 178.8757 0.2742 79.2533 0.200 1 13.386
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Fig. 8 Creep results by damage-containing four-element model
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Table 8 Best-fitting parameters of damage-containing

four-element model

1H [ 11 /MPa E,/MPa a 1,/(MPa-h)
10 690. 9 0.1902 2725
15 446 0.253 4 1426
20 386.3 0.2776 1545
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Table 9 Hysteresis loop area under &_,, =(0.2 + 0.2) mm

at different frequencies

A%/ Hz

0.01 0.1 1 5

10 20

A (Jm™)

0.069 0.077 0.067

0. 065

0.061 0.060

BHIEPERERLS o 7ErPBIUIRAE TS (1~5 Hz) , Bl 5
THEs , o3 1B s ST IR RN b R AR Y A8 A i (] 2R
TET R D/, R TR A X T AR i 2 i

CIEZNNPIZ NG R IS R RN 1 DA =T R TN
(10~20 Hz) , 53 ¥ 5 BO LT ok A R b A7 AR i #r
Szl , FERINEE B AL, PRt
B B A 5 G O R R AR Bl 2 i
A58 DR AT DX 1% 288 1 5 e 7 38 3 2 78 Ay g A IX
) 5L 3 e

5 A8, 43 BBy Poynting-Thomson (FPT) 455 74 (1Y)
S LA B I 2 A 2 T A AR DG <
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Jil 45 2 i 0.01 F+ & 20 Hz i , o 1 0.971 8 [ &
0.625 4, 7 WIAE Hh g M IX. 1) 528 A0 K5 E o Moo
AT S 14 Y A, T3 A s e R Z R L R LA
F BITERAAEE

KHIESE I A &, = (0.5 + 0.5) mm X} PE # #1
PUREHEAT IR PR RLAR SE 30, 1 HDRL - HE O A B30 1 X6 7
LI AR AT RLA a5 IE 13 s . [
13, Bl % £ N 0.01 Hz 31 51 20 Hz, £k
BT LB S0 25 R AR R R i T BRI, ZEAIG
N AR E T, 34 BOAUR A /N S R AR

F10 FPTAA PEAENRIIL G S8 (e, =(0.2£0.2) mm)
Table 10 Best-fitting parameters of FPT model for

PE specimens under &;,,=(0.2+0.2) mm

B

i % /Hz a T E,/MPa E,/MPa  E/MPa
0.01 0.9718 0.0612 8.273 2. 441 1423.44
0.1 0.9634 0.0326 8.273 3.016 384. 49

1 0.9324 0.0281 8.273 3.5439 68. 63
5 0.8466 0.0388 8.273 3.9138 14. 89
10 0.7501 0.0547 8.273 4.1407 8. 083
20 0.6254 0.0771 8.273 4.1732 4. 409

F 11 5TTM™ U Maxwell(GM) AL PE IR R HIIE 3% 0 25 (1 B AU & S8k
Table 11  Best-fitting parameters of 5-element Generalized Maxwell (GM) Model for PE specimens under sinusoidal strain
Wi#%/Hz EJ/MPa E/MPa E/MPa E/MPa E/MPa E/MPa p5/(MPah) #/(MPah) #/(MPah) 5/(MPah) 5,/(MPah)
0.01 1.9605 257.81 257.81 257.81 257.81 499 859 0. 668 2 0.005 2 0.004 2 0.004 2 0.004 2
0.1 0.1365 0.5833 0.5833 0.5833 0.5833 499959 59.43 8.929 8 7.9304 8.9303 7.9315
1 0.1602 0.7123 0.7523 0.7222 0.6924 499999 30. 48 1.0254 1.0254 1.0256 1.0251
5 0.1927 0.7976 0.7986 0.7991 0.7988 499999 21.08 0.2511 0.2804 0.2502 0.2503
10 0.1815 0.8498 0.8462 0.8492 0.8463 499862 18.29 0.1452 0.1465 0.1354 0.1815
20 0.1675 0.8358 0.8397 0.8396 0.8304 499882 15.74 0.0743 0.0737 0.073 6 0.0753
(@) ¢, ,=(0.2£0.2) mm
4.0 T 0.7 :
o o SLIGMH
3.5 : 0.6 _g’%
o SEIME
< <
& | o —GM & |
E 3.0 FPT g 0.5
I ]
g 25y ° 2 o4 \)\\
E 2 _ 5_\]5_'( ¢ 9
206 Rgm‘°9”94f 03} R%, =095927 -
Rigpy = 097382 RZ, . =093118
1.5 ; 0.2 : ; ;
-2 -1 0 1 2 -2 -1 0 1 2
i /Hz Hi% /Hy
(®) &, ,=(0.5:0.5) mm
4.0 T T 0.6 T
o SLIG{E o SLIGH
3.5 ——GM = —GM
FPT
/o ° 05+ FPT
s 30+ ] s _
B 25} J ] g
EL B 04}
£ 90t e R2 =09235 > %
w - gM ® R% =0.83483
° RZ,.=0.90342 GM
15— FPT 5
: 0.3 R FPT = 0.769 2
1.0 : ‘ : -
-2 -1 0 1 2 ~2 -1 0 1 2
$i% Hz % /Hz

K13 fPeBiat . BRI R AL 1k

Fig. 13 The results of storage modulus and loss modulus as a function of frequency
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BE BRIz SE YT, F 43 BE g 45 B SR Bk AR T
%, o [E FH 0 A DL 52 KPR AR, S 30 R Y
SHLPE IR 1O BE 0T B, 28 BIR A7 RA 1 o 7 A8 3R i T
e T AT o 0 B A o 7R 832 Ry 20 Hz IRF R B T [
T, X UEEA AL RIS AT B AT 2 A RE BEAIL I ZE A [F] 4t
FNYM . P, B RS2 R R I i 2 9 PE R4
BF, W20 2% e HLARE it 2 W A8 18 KT 4 dk , AN REAY
AU FH /0N 07 728 000 745 A5

FHIE S 7 o, %F PE IR HEAT AN [R R R
F G A A S5, (i FH AR SCREARS AT O /R SCRBE
PTG G5 R 14 T3 12~14 R . AERl—IE 5%
N ST o W ZAE T PEIRFE I I R IESX N Y e, Fifl
WRPE T 2R T RSOl BRI, e, .
1.076 7%(0.01 Hz) B33 )i 2 0.569 9% (5 Hz) , iX
— IR FIE N T Zh R R A R U

NIRRT [ R A (2, = (0.5 + 0.5) mm)

Hysteresis loop area under &, = (0.5 £ 0.5) mm at

%12
Table 12

different frequencies

B % /Hz 0.01 0.1 5

HA/(Jm™) 0.358 0.276 0.107

713 FPT B PE FE M L6 2 (2,,=(0.5£0.5) mm)
Table 13 Best-fitting parameters of FPT model for

PE specimens under ¢,,=(0.5+0.5) mm

e a th  E/MPa E/MPa E,/MPa
0.0 0.9711 0.0669 8273 2.413 1463.47
0.1 0.9633 0.0305 8.273 2.4537 385.75

5 0.8425 0.0397 8.273 3.9159 14. 96

PE 70155 Bt i)z 3y 5 2 iR B Ah 28tk .
I, S BOOR AN S 7, B ORER BN WL 350 . X
5 [ B ) 22 A 3 — B, T e R AR 2 1
PRSP ML RVRFIE 2 —

() 1%0.01 Hz (b) Hi%0.1 Hz () Hi%s He
2. o 2.0 3 2.0 5
R§PT=0.999 86 R.,:=0.999 59 R.,,=0.999 61
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s R;:=0.999 79 s RG\=0.997 71 Ls R,=0.999 73
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Fig. 14 Best-fitting parameters of GK and FPT model for PE specimens under sinusoidal stress

F14  GKAERN PE AL R A IE 5% 0 ) (ARl 6 541

Table 14 GK model for PE specimens under sinusoidal strain

W% /Hz E/MPa E/MPa E,/MPa E/MPa E/MPa E/MPa n/(MPah) »5/(MPah) 5,/(MPah) #/(MPah) »,/(MPah) »5/(MPah)

0.0l 1076 1146 11.20 12.94 11.20 11.46  848.43 2.52 2.57 4.27 3.58 3.21
0.1 2,19 0.0124 0.0124 0.0123 0.0124 0.0123 10273 55717  557.17  550.33  557.17  550.33
5 344 0.0023 0.0023 0.0023 0.0023 0.0023 10313 2681 26.81 26.81 26.81 26.81
4 4 B 2) SR BEFRIEDT R, T SR R A

1) FETF AN R o BE A5 58 20 B A Y
LA S, Ff Abel 247 IG5 Hooke TC 1R 2E 4T He
JRIK, foff HC B 6% [R] B S ke e SR 0 R 0 s AN A A G A8
BB 5l A BB )52 i A 53 405 R, OB BT REH
T TN AR B B () DU ST R L M B AR B A A

S BLT  BE AT S A AR TR AR R

3) SHO LA BT R A BT R ) T 29 PR
P b AR T SRR AR 43 B AR R A R
TEAH [F8L5 6 B A A3 R KR =48 T S 500 .
S TOU T H 16 NS E08 E 3~9 1, sh A& T T
LS EEE 54
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