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Abstract: The year 2025 marked the passing of two towering figures of twentieth-century
mathematical physics, Rodney Baxter and Chen-Ning Yang. Yang reshaped modern physics through the
introduction of non-abelian gauge theory and, independently, through the consistency conditions that
later became known as the Yang-Baxter equation. Baxter transformed those conditions into a systematic
theory of exact solvability in statistical mechanics and quantum integrable systems. This article is
written in memory of Baxter and Yang, whose work revealed how local consistency principles generate
global mathematical structure. We review the Yang-Mills formulation of gauge theory, its mass
obstruction and resolution via symmetry breaking, and the geometric framework it engendered,
including instantons, Donaldson-Floer theory, magnetic monopoles, and Hitchin systems. In parallel,
we trace the emergence of the Yang-Baxter equation from factorised scattering to solvable lattice
models, quantum groups, and Chern-Simons theory. Rather than presenting two separate narratives,
gauge theory and integrability are presented as complementary manifestations of a shared coherence
principle - an ongoing journey from gauge symmetry toward mathematical unity.
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1 Two Lives, One Mathematical Legacy

The year 2025 marked the passing of two of the most influential architects of modern theoretical physics,
Rodney Baxter and Chen-Ning Yang. Their scientific lives unfolded along different paths, one rooted in quantum
field theory and fundamental symmetries, the other in statistical mechanics and exact solvability, yet their ideas
ultimately converged in a profound and enduring way. Few pairs of scientists illustrate so vividly how deep
physical insight can transcend disciplinary boundaries and reshape both physics and mathematics.

Chen-Ning Yang belonged to a generation for whom symmetry was not merely a technical tool, but a
guiding philosophical principle. Trained in the aftermath of the Second World War, Yang approached physics
with a rare blend of conceptual audacity and mathematical clarity. His early work already displayed a defining
trait: an insistence that physical laws should be formulated in the most intrinsic and universal language available.
This viewpoint culminated in the 1954 collaboration with Robert Mills (Yang et al., 1954), where Yang made a
leap that was, at the time, almost shocking, internal symmetries, like isotopic spin, should be treated on the same
footing as spacetime symmetries, and should therefore be local.

The Yang-Mills paper did not solve an outstanding experimental puzzle, nor did it immediately explain
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known data. Instead, it proposed a new way of thinking about interactions. Yang later remarked that the work
was motivated less by phenomenology than by consistency and elegance. In retrospect, this was a decisive
moment in theoretical physics: a theory whose physical relevance was initially uncertain would later become the
structural backbone of the Standard Model and a wellspring of modern geometry.

Rodney Baxter's scientific journey (Baxter, 2017) was shaped by a different, but equally demanding,
intellectual challenge: how to extract exact results from strongly interacting many-body systems. In an era when
approximate and numerical methods dominated statistical mechanics, Baxter pursued the then almost heretical
idea that certain models could be solved exactly, not accidentally but systematically. His work revealed that
solvability is governed by rigid algebraic constraints, and that once these constraints are identified, entire classes
of models fall into place.

One of Baxter's most remarkable achievements was to recognise the unifying role of an equation that had
appeared, somewhat quietly, in the work of Yang on one-dimensional scattering. What had begun as a
consistency condition ensuring that different sequences of pairwise scatterings lead to the same outcome was
elevated by Baxter into a central organising principle. The Yang-Baxter equation became the cornerstone of
integrable systems, governing transfer matrices, commuting operators, and ultimately the exact calculation of
physical quantities.

The intellectual resonance between Yang and Baxter lies not in a shared subject, but in a shared philosophy.
Both believed that deep structure reveals itself through consistency. For Yang, local gauge invariance enforces
the geometry of interactions. For Baxter, algebraic consistency enforces exact solvability. In both cases, local
rules determine global behaviour, and simple principles give rise to unexpectedly rich mathematics.

This shared legacy has had consequences far beyond their original contexts. Yang-Mills theory evolved into
a central pillar of modern mathematics, influencing topology, geometry, and representation theory. The Yang-
Baxter equation, through quantum groups and braided categories, reshaped algebra, low-dimensional topology,
and mathematical physics. Today, these two strands meet in areas such as integrable gauge theories, topological
quantum field theory, string theory, and mirror symmetry.

This article is written in memory of Rodney Baxter and Chen-Ning Yang, not as a chronological biography,
but as a reflection on the ideas they set in motion. Their work teaches us that the most enduring advances often
arise not from answering existing questions, but from asking new ones that force us to rethink the language of

mathematics in which physical laws are written and studied.

2 Yang and Mills (1954): Isotopic Gauge Invariance

This section gives a technical account of the Yang-Mills construction in the original SU(2) isotopic-spin
setting, phrased in modern geometric language (while remaining close in spirit to the 1954 presentation). We
work on Minkowski space R'? with coordinates x* (u = 0,1,2,3) and metric 5 = diag(l,—l,—l,—l); repeated
indices are summed.

Before introducing gauge fields, it is important to recall the Dirac Lagrangian

S e = fﬁmmd% = Jd“xl[l(i'y“aﬂ - m)l,b,
which provides the relativistic quantum description of spin-% matter. The Dirac Lagrangian occupies a central
position in both mathematics and physics as the first fully relativistic field theory describing spin-% matter.
Introduced through Dirac's 1928 equation, it immediately resolved much of the tension between quantum
mechanics and special relativity and led to the prediction of antiparticles, a striking confirmation of the theory's
physical depth. Its rapid and successful application in quantum electrodynamics established the Dirac formalism
as the universal language for fermionic matter. From a geometric viewpoint, the Dirac Lagrangian realises the

Clifford algebra of spacetime as a first-order differential operator acting on the spinors, encoding Lorentz
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symmetry and the causal structure of spacetime in an intrinsic way. Its invariance under global internal
symmetries governs how matter fields may transform, and its success in quantum electrodynamics demonstrated
that interactions can be introduced consistently by replacing ordinary derivatives with covariant ones. This
replacement principle is the precise mechanism by which gauge connections enter the theory, and it is this
structural feature that Yang and Mills generalised to non-abelian internal symmetries. We briefly explain the
notation appearing in the Dirac Lagrangian density.

The spinor field ¥ The field  («) is a Dirac spinor, i. e. a complex-valued function on spacetime taking
values in C*:

Y: R — C.

It represents a relativistic fermionic particle (such as a nucleon or electron) with spin % In the Yang-Mills setting,
¢ may also carry internal indices (e. g. an SU(2) isospin index), but these are suppressed in the notation.

Gamma matrices y* The matrices y* (u = 0,1,2,3) are 4 X 4 complex matrices satisfying the Clifford
algebra relations

Ly y" Y =y"y" + vy = 2971,

where 9* = diag(1,-1,-1,—1) is the Minkowski metric and I, is the 4 X 4 identity matrix. They encode the
spinorial representation of the Lorentz group and ensure relativistic covariance of the theory.

A concrete realization of the Clifford algebra is provided by the Dirac representation. In this representation

the gamma matrices are written in block form using the 2 X 2 identity matrix 7, and the Pauli matrices

01:(0 1) 02:(0 —i) 03:(1 o)
1 0) i o) 0o -1/

The Dirac gamma matrices are then given explicitly by
7e(o Ghovelo G ran
The Dirac adjointy The symbol
b=y
denotes the Dirac adjoint of ¢, where ¢ is the Hermitian conjugate (complex conjugate transpose) of the column
vector ¢. This definition ensures that the scalar quantity g is Lorentz invariant and that the Lagrangian density

is real.
d . . .. . .
The derivative d, The operator 9, = o denotes partial differentiation with respect to the spacetime

coordinate x*.
The mass parameter m The constant m > 0 is the physical mass of the fermion. The term —mp couples
the left- and right-handed components of the spinor and is responsible for the rest energy of the particle.
The imaginary unit i The factor i = V=1 ensures that the Dirac operator iy*“d, is formally self-adjoint
with respect to the natural inner product on spinors, leading to a real action functional and unitary time evolution.
Physical equation of motion The Euler-Lagrange equation associated to £
iy, = m)g =0,

which is the relativistic wave equation for a free spin—% particle.

is the Dirac equation

Dirac

2.1 Global isotopic symmetry and its localisation

A fundamental structural feature of the free Dirac Lagrangian density.

Lo = (i3, = m)y, (1)
is its invariance under certain global transformations of the spinor field, the global phase symmetry
g(x)- ' (x) = e (x), a € R constant. (2)

More generally, suppose that the spinor field carries an internal index and takes values in C", so that
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Y(x)eC' ® C.
Let G be a compact Lie group acting unitarily on C". For example, in the isotopic spin model considered by Yang
and Mills, G = SU(2)and n = 2, corresponding to a proton-neutron doublet.

The Dirac Lagrangian density 1 remains invariant under the global internal symmetry

P(x) - ¢'(x) = U (), Uet, (3)
because U commutes with y* and with d,. This invariance expresses the conservation of isotopic spin.

Yang and Mills proposed to localise the internal symmetry by allowing the group element to vary with
spacetime:

p(x) > ¢’ (x) = g(x)¢(x), forg:R" — 6. (4)
While the mass term in 1 remains invariant, the kinetic term does not. Indeed,
9 (iy0,) 0" = div*((g7 0,8 ) + 0,.4),
which contains additional terms involving g™'d,g. Thus the ordinary derivative d, is incompatible with local
internal symmetry.

The failure of invariance under (4) is not an inconsistency but a signal. It indicates that the derivative must
be modified in a way that reflects the geometry of a vector bundle with structure group G. The required
modification is the introduction of a covariant derivative defined by a connection, which transforms so as to
compensate for the spacetime dependence of g(« ). This necessity is the starting point of Yang-Mills theory, as in
electromagnetism, local symmetry forces a new field: the non-abelian gauge field.

2.2 Gauge potential as a connection
Yang and Mills introduced an su(2)-valued gauge potential (an local connection 1-form)
A(x) = A,(x)dx", A(x) e su(2)
Choose a basis T (a = 1,2,3) of su(2) with
|

[T, T"] = e™T, w(T°T") = -5 9"

then A, = A, T*. They defined the covariant derivative on the doublet by
Dy = o, + A4
The local gauge transformation g (x) € SU(2) acts by
gy =ah, Ao A =ede! - (0,2)g"
A direct computation verifies the key covariance property:
D' = gD,

Thus any Lagrangian built from ¢y* D, will be gauge-invariant. This is precisely the transformation law of a
connection on a principal SU(2)-bundle. In R'? the bundle is topologically trivial, but the formalism extends
immediately to general manifolds and nontrivial bundles—one of the routes by which Yang-Mills theory entered
modern geometry.
2.3 Curvature and the non-abelian field strength

The field strength of the gauge field is a (globally defined) su(2) -valued 2-form, the curvature of the

connection:

F=dA+ANA, so that F=%Fwdx”/\dx",

with components
F,=08,A,-a,A,+[4,4,].
Two fundamental structural features already appear here:
* Nonlinearity / self-interaction. The commutator term [AM,AV] implies the gauge field interacts with itself,

in contrast to Maxwell theory (the abelian case U (1), where the commutator vanishes).
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» Gauge covariance of the curvature. Under a gauge transformation,
F V’ = gF;wg_l‘

,L
Any expression formed from an adjoint-invariant bilinear form on su(2), such as tr(F w k" ), is gauge-
invariant.

The curvature satisfies the (non-abelian) Bianchi identity:
D,F =0, ie D,F, =0,

where D, is the covariant exterior derivative induced by A.

2.4 Yang-Mills action and Euler-Lagrange equations

The Yang-Mills Lagrangian density is
1
Low==5 w(F, ).
The corresponding action is
SYM[A] = f»cym d*x.

The critical points of Sy, are given by the Euler-Lagrange equation of the Yang-Mills action, the most celebrated
Yang-Mills equation
D\F = D*F,, = 0.

Comparison with the Maxwell equation For U (1), A, is scalar-valued, F,, = 9,4, - 0,A,, and D"F,, =
0"F,, = 0 recovers the source-free Maxwell equations. Thus the Yang-Mills equation is the canonical non-abelian
generalisation of the Maxwell equation.

2.5 Coupling to matter, gauge invariance, and gauge fixing
Let ¢ be a Dirac spinor transforming in a unitary representation of a compact Lie group G, and let A, be a g-

valued gauge connection. The gauge-invariant matter Lagrangian density is

Lo = (iy"D, - m)p,  D,=0,+A4, (5)
The full Yang-Mills-Dirac Lagrangian density is
1 - (.
£==Su(F )+ g (iy"D, - m)y. (6)

Gauge invariance of the coupled equations Under a local gauge transformation
pod =gy, A, A =g - (0,8)g"
the covariant derivative transforms equivariantly:
D~ D" =g(x)D, 4.
Consequently, the Dirac operator satisfies
(ivD, = m)¢' = g()(iy"D, - m) 4.

and the Dirac equation

(iv D, = m)g =0 (7)
is gauge invariant. Similarly, the curvature transforms by conjugation,
F, =gk.g",
which implies invariance of the Yang-Mills action and of the Yang-Mills equation
D*F,, = J,. (8)
Gauge current and covariant conservation Varying the action with respect to A, yields the matter current
L=y, Ty T, (9)

where { T"} is a basis of su(2). Under a gauge transformation,
o) =gle
so the current transforms in the adjoint representation.

Taking the covariant divergence of (8) and using the Bianchi identity, we obtain
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D'J,=0. (10)
This is the non-abelian generalisation of charge conservation. Unlike the abelian case, 4"/, = 0 does not hold in
general; only covariant conservation is meaningful.

Gauge redundancy and the need for gauge fixing The equations (7) and (8) are invariant under an
infinite-dimensional group of local gauge transformations. As a consequence, the gauge potential A, is not
uniquely determined by the physical fields. This redundancy is geometric: different connections related by gauge
transformations describe the same physical configuration.

To obtain a well-posed classical initial value problem, or to define a quantum theory via functional
integration, one must impose a gauge fixing condition that selects a representative from each gauge orbit.

Common gauge fixing conditions Several gauge choices are commonly used:

* Lorenz gauge:
0"A,=0.
This condition is Lorentz invariant and leads to hyperbolic field equations, making it particularly
suitable for relativistic analysis.
e Temporal gauge:
A, = 0.
This choice is natural in Hamiltonian formulations and highlights the role of spatial connections and
Gauss-law constraints.
e Coulomb gauge:
D*A, = 0.
This gauge is useful in canonical quantisation but breaks manifest Lorentz invariance.

Gauge fixing does not break gauge symmetry at the level of physical observables; it merely removes

redundancy in the description of gauge fields. In geometric terms, it corresponds to choosing a local slice for the

action of the gauge transformation group.

3 Spontaneous symmetry breaking and the Higgs mechanism

Yang and Mills observed that local non-abelian gauge invariance uniquely fixes the form of the interaction.
However, it simultaneously forbids the inclusion of a mass term for the gauge field. An explicit term of the form
m’A,A" violates gauge invariance and destroys the geometric interpretation of A, as a connection. In modern
geometric language, gauge fields are connections on principal G-bundles, and gauge transformations act as bundle
automorphisms. A mass term would break this equivalence by selecting preferred representatives within gauge
orbits. Thus, the mass obstruction reflects the rigidity of the gauge principle rather than a failure of the theory.

For nearly a decade, this rigidity was widely viewed as fatal for non-abelian gauge theories as models of
short-range forces. The decisive conceptual advance came in the mid-1960s with the independent work of
Englert et al. (1964) and of Higgs (1964). They showed that gauge symmetry need not be manifest in the
vacuum state. A theory may possess an exact local symmetry at the level of its Lagrangian, while the vacuum
selects a non-invariant configuration.

The Higgs mechanism provides an explicit realisation of this idea. A scalar field with a symmetry-breaking
potential defines a vacuum manifold, and choosing a vacuum reduces the symmetry group from G to a subgroup
H. The covariant derivative couples the scalar field to the gauge field, and when expanded around the vacuum,
generates quadratic terms for components of the gauge field in g/ b.

Crucially, these mass terms arise from the geometry of the covariant derivative, not from explicit symmetry
breaking. Gauge invariance remains exact, and the theory retains its geometric meaning as a theory of
connections on a reduced bundle.

3.1 Mathematical formulation of the Higgs mechanism
We give a precise geometric and analytic formulation of the Higgs mechanism, emphasising its
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interpretation in terms of bundle reduction and elliptic operators.
Gauge fields and Higgs fields Let G be a compact Lie group with Lie algebra g, and let P — M be a prin-

cipal G-bundle over a Riemannian manifold (M , g), which we interpret as spacetime. A Yang-Mills field is a con-

nection
AeQ'(M,g,),
where g, == P X @ is the adjoint bundle. Its curvature is
F,=dAd+ANAeQ(M,ug,).
Let (V, p) be a finite-dimensional unitary representation of G, and let
E=Px .V
be the associated Hermitian vector bundle. A Higgs field is a smooth section
del(E).
The covariant derivative induced by A is
D,®=d® +p.(A)D e Q'(M,E).
Yang-Mills-Higgs functional Fix constants v > 0 and A > 0. The Yang-Mills-Higgs energy functional is
E(A,®) = jﬂ(;”n [+ Lol + A(lo] - vz)z)dvolg. (1)

This functional is invariant under the gauge group G = Aut,( P) acting by
(4, @)~ (gAg" - dgg™s p(g)®).

Vacuum manifold and reduction of structure group The vacuum configurations are the absolute minima

of the potential term, characterised by

[ =
Pointwise, the set of minima is a homogeneous space

V= G/H,
where H C G is the stabiliser of a chosen vacuum vector @, € V. A choice of vacuum defines a section of the
associated bundle

Px (G/H),

and hence a reduction of the structure group of P from G to H, yielding a principal H-subbundle

pP,CP.
Thus, spontaneous symmetry breaking is mathematically realised as a reduction of structure group rather

than a loss of gauge symmetry.

Mass operator for gauge fields Decompose the Lie algebra as an Ad ( H )-invariant orthogonal sum

a=bhOm,
where b = Lie(H ). Correspondingly, the adjoint bundle splits as
g, =b,Om,.

Consider the quadratic part of the functional (11) in the gauge field, expanded around a vacuum

configuration (A0,<I)0) with D, @, = 0. The term
[D.@,] = | p-(4,) 0|
defines a positive semidefinite bundle endomorphism
M:m, =,  M(X)=p.(X)],

called the mass operator. Its eigenvalues determine the squared masses of gauge bosons associated with broken
generators. Sections of b, lie in the kernel of M and correspond to massless gauge fields.

From a unifying perspective, the Higgs mechanism plays a dual role. Locally, it endows gauge bosons with
mass by reducing gauge symmetry. Globally, it enables finite-energy solitons whose masses are fixed by

topology and the symmetry-breaking scale. This dual role will reappear in later developments, including electric-
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magnetic duality, Seiberg-Witten theory, and mirror symmetry.
3.2 The 't Hooft-Polyakov monopole: an example

In this subsection, we describe the classical 't Hooft-Polyakov monopole ('t Hooft,1974; Polyakov, 1974) as
a smooth, finite-energy solution of the Yang-Mills-Higgs equations in three dimensions. Throughout, let G =
SU(2) (or SO(3)) with Lie algebra g = su(2), and let(-,-) be an Ad-invariant inner product on g.

Fields and energy functional Let A be a connection on the trivial principal G-bundle over R’ identified
with a g-valued 1-form, and let

F,=dA+ANA
be its curvature. Let ®: R — g be an adjoint Higgs field. The covariant derivative is
D,®=dd +[A4,D].

Fix constants A > 0 and » > 0, and consider the symmetry-breaking potential
A 2 5)\?
v(e)=2(le] -»).

The (static) Yang-Mills-Higgs energy functional is

1 1
E(A, @)= J (2” F o+ Slo.@ I* + V(CD))dsx. (12)
i
Topological charge and reduction to U (1) The finite-energy condition implies that the direction
b=, S2 > 8
[ @]

is well-defined on the sphere at infinity S2. Its degree

k= deg((i)) em,(S?)=7Z
is the magnetic charge. Equivalently, the choice of a vacuum direction at infinity reduces the structure group
from SU(2) to the stabiliser U (1), producing an induced principal U (1)-bundle over S2 whose first Chern class
equals k.

In the Prasad-Sommerfield (BPS) limit A — 0, the potential term vanishes and one obtains a sharp energy

bound. Using || F,5*D,® ||2 = 0 and integration by parts, one derives
E(A,(D):%J [~ D@ dx + [ (F,AD®)> [ (F,. &) (13)
R R o

The equality in (13) holds if and only if (A,d) satisfies the Bogomolny equation (Bogomolny,1976).
F,=*D,®. (14)
Solutions of (14) are called magnetic (BPS) monopoles when the magnetic charge £ > 0.

The historical arc from Yang and Mills to Higgs, 't Hooft, and Polyakov reveals a remarkable unity. What
appeared initially as a fatal obstruction to gauge theory was resolved not by abandoning the gauge principle, but
by understanding it more deeply. Spontaneous symmetry breaking preserves gauge invariance while reshaping
the vacuum geometry. The Higgs mechanism generates mass through covariant geometry. Renormalisability
secures quantum consistency. Magnetic monopoles expose the global and topological content of the theory.
Together, these developments completed Yang-Mills theory as both a physical and mathematical framework.
They transformed a symmetry principle into a generative engine for geometry, topology, and nonperturbative

phenomena—a role that continues to shape modern mathematical physics.

4 Yang-Mills Theory and the Mathematical Revolution in Geometry and Topology

With the conceptual resolution of the mass problem through symmetry breaking, Yang-Mills theory became
not only physically viable but mathematically fertile. In particular, when reformulated on general four-manifolds
and studied through its variational and elliptic properties, the Yang-Mills equations revealed a depth far beyond

their original role in particle physics. This shift from dynamics on spacetime to geometry on manifolds initiated a
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mathematical revolution in which gauge fields became fundamental objects of differential topology, global
analysis, and geometry. We begin with the anti-self-dual Yang-Mills equations in four dimensions and their role
in Donaldson and Floer theory.
4.1 Anti-self-dual Yang-Mills equations and Donaldson-Floer theory

The most profound mathematical consequences of Yang-Mills theory emerge in four dimensions. This is not
accidental: only in dimension four does the Hodge star operator act as an involution on two-forms, allowing the
curvature of a connection to be decomposed into self-dual and anti-self-dual components. This special feature
places four-dimensional gauge theory at the intersection of elliptic analysis, geometry, and topology.

Yang-Mills functional and self-duality Let X be a closed, oriented Riemannian four-manifold, and let
P — X be a principal G-bundle with compact structure group G (typically SU(2) or SO(3)). For a connection A
on P, the Yang-Mills functional is

YM(A) = L<FA A *F,),

where F, is the curvature and (-,-) is an invariant inner product on the Lie algebra.

In four dimensions, the Hodge star induces an orthogonal decomposition
O(X, 1) = X, 1) DQAX, q),
into self-dual and anti-self-dual two-forms, under which the curvature
F,=F,+F,
can be written as the sum of self-dual and anti-self-dual components. A standard computation yields the identity

RGN

with equality if and only if either F{ = 0 or F; = 0 depending on the sign of the instanton number (the second

Fi=0 (15)

are called anti-self-dual (ASD) connections, which are special cases of Yang-Mills connections due to the Bianchi

YM(A) =|Fi | +|F | = 2

’

Chern class)

k=(ex(P), [X])=

When k < 0, connections satisfying

= |F;|2)d vol,.

identity.

Thus the Yang-Mills functional admits absolute minima in each topological sector, attained precisely by
ASD connections. This reduction from a second-order variational problem to a first-order elliptic equation is the
four-dimensional analogue of the Bogomolny reduction for monopoles in three dimensions.

Ellipticity and moduli spaces The ASD equation (15) is invariant under gauge transformations. To study
its solutions, one considers the moduli space

M(P)={A|F;=0}/G,
where G is the group of gauge transformations.

After imposing a gauge-fixing condition (such as Coulomb gauge), the linearised ASD operator becomes
elliptic. Under suitable topological assumptions and a generic Riemannian metric, M (P) is a finite-dimensional
manifold away from singular points corresponding to reducible connections. Its expected dimension is given by

an index of the Atiyah-Hitchin-Singer deformation complex (Atiyah et al. ,1978) at an ASD connection A
d, d;
0— Q(X,u,)— Q'(X,q,)—~ 04X, 5,) — 0,
with g, = P X @, whose cohomology describes infinitesimal gauge transformations, infinitesimal deformations,
and obstructions, respectively. By the Atiyah-Singer index theorem, the expected dimension is
dimM(P) = 8| k|- 3(1 - b,(X) + b3(X)),

where £ is the instanton number (second Chern class) and b,( X ) are Betti numbers of X.



10 iRz (HARHERR H3E30) XX &

These moduli spaces encode subtle global information about the smooth structure of X.

Donaldson invariants. Donaldson's key insight was that the topology of M (P) could be used to define
invariants of smooth four-manifolds. By integrating suitable cohomology classes over the moduli space (or its
compactifications), one obtains numerical invariants that depend on the smooth structure of X.

These Donaldson invariants demonstrated, for the first time, that smooth four-manifolds exhibit phenomena
invisible to homotopy or homeomorphism classification. In particular, they showed that many topological four-
manifolds admit no smooth structure compatible with certain intersection forms, and that R* admits exotic smooth
structures.

Gauge theory thus entered topology not as an auxiliary tool, but as a primary source of new invariants.

Floer theory, Chern-Simons functional, and categorification. @ The passage from four-dimensional
gauge theory to three-manifold topology is mediated by the Chern-Simons functional. Let Y be a closed, oriented
three-manifold, and let P — Y be a principal G-bundle, with G = SU(2) or SO(3). On the space A (P) of connec-

tions, the Chern-Simons functional is defined (up to an additive constant) by

CS(A) = Sql_rzfytr(A/\dA+§A ANANA

Although CS is not gauge-invariant as a real-valued function, its exponential exp (2mi CS) is gauge-invariant, and
its critical points are precisely the flat connections on P.

The formal gradient flow equation of CS, with respect to the L>-metric on A (P), is

dA —

N

When interpreted on the four-manifold R X Y, equation (16) is equivalent to the anti-self-dual Yang-Mills

[ (16)

equation for a connection on the product bundle over R X Y. Thus, instantons on a four-manifold with cylindrical
ends appear naturally as gradient trajectories of the Chern-Simons functional.

Floer's fundamental insight (Floer, 1988) was to treat CS as an infinite-dimensional Morse function. The
chain complex is generated by (irreducible) flat connections on Y, graded by a relative index determined by
spectral flow. The differential counts finite-energy solutions of the ASD equations on R X Y connecting critical
points. The resulting homology groups, denoted HF.(Y ), are invariants of the three-manifold (Donaldson, 2002).

Analytically, this construction requires overcoming substantial difficulties: the configuration space is infinite-
dimensional and singular, the functional is only Morse-Bott in general, and bubbling phenomena must be
controlled. Nevertheless, Floer's theory established a rigorous framework in which three-manifold topology
could be studied using four-dimensional gauge theory.

For an integral homology three-sphere Y, the Casson invariant A (Y ) counts (with signs) certain Lagrangian
intersections associated to a Heegaard splitting of Y. In a seminal result, Taubes(1990) showed that the Casson
invariant can be interpreted in terms of gauge theory, identifying it with a suitably defined count of flat SU (2)-
connections on Y.

Floer homology refines this picture categorically. For a homology sphere Y, the Euler characteristic of
instanton Floer homology recovers the Casson invariant:

x(HF.(Y))=2A(Y).
In this precise sense, Floer homology provides a categorification of the Casson invariant and of Taubes' gauge-
theoretic interpretation: instead of a single numerical invariant, one obtains a graded homology theory whose
alternating sum reproduces the classical count.

This categorification marks a decisive conceptual advance. It transforms a counting invariant into a
homological structure, making visible additional layers of topological information and functoriality. Moreover, it
establishes a deep link between three- and four-dimensional gauge theory: three-manifold invariants arise as

shadows of four-dimensional instanton moduli spaces.
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From a broader perspective, Floer theory initiated a paradigm that has since permeated geometry and
topology. Analogous constructions now appear in symplectic geometry, low-dimensional topology, and mirror
symmetry, all tracing their lineage to the gauge-theoretic insights originating in Yang-Mills theory.

4.2 Reduction to surfaces and the Atiyah-Floer conjecture

A complementary and conceptually illuminating reduction of four-dimensional Yang-Mills theory arises
when one considers three-manifolds that are fibred, or decomposed, over a two-dimensional Riemann surface.
This perspective reveals a deep and still only partially understood relationship between gauge theory and
symplectic geometry, encapsulated in the Atiyah-Floer conjecture (Atiyah, 1988).

Reduction along a surface Let Y be a closed three-manifold that admits a Heegaard splitting

Y=H\J,H,
where Y is a closed, oriented Riemann surface and H,, H, are handlebodies. Gauge-theoretically, one may study
flat G-connections on Y by restricting them to 3. This leads naturally to the moduli space
M, = {flat G-connections on 2}/g,

which, away from singularities, is a finite-dimensional symplectic manifold. The symplectic structure arises from
the Atiyah-Bott construction, identifying M , as an infinite-dimensional symplectic quotient.

Each handlebody H, determines a Lagrangian submanifold

L. C Mg,
consisting of flat connections on 3 that extend over H,. Thus, from the two-dimensional viewpoint, the topology
of Y is encoded by a pair of Lagrangian submanifolds inside a symplectic moduli space.

Gauge-theoretic versus symplectic Floer theories On the gauge-theoretic side, instanton Floer homology
associates to Y a homology group defined by counting anti-self-dual connections on R X Y. On the symplectic
side, one may attempt to define a Lagrangian Floer homology group as in Fukaya et al. (2009)

HF (L, L,)
by counting pseudo-holomorphic strips in M ; with boundary on L, and L,.

Formally, both theories are Floer homologies: one infinite-dimensional and elliptic modulo gauge, the other
finite-dimensional but analytically delicate due to singularities and bubbling. The Atiyah-Floer conjecture asserts
that these two constructions are, under appropriate hypotheses, equivalent.

Statement of the Atiyah-Floer conjecture In its original formulation, the Atiyah-Floer conjecture (Atiyah,
1988) predicts an isomorphism

HF,

w(Y) = HF (L, L,),
relating instanton Floer homology of the three-manifold Y to the Lagrangian Floer homology of the corresponding
pair of Lagrangians in the moduli space of flat connections on 3.
Conceptually, the conjecture asserts that:

» four-dimensional gauge theory on R X Y,

* three-dimensional Chern-Simons theory on Y,

« and two-dimensional symplectic geometry on %,
are different manifestations of a single underlying structure. It may be viewed as a precise mathematical
expression of the idea that gauge theory admits a "dimensional reduction" to symplectic topology.

Despite its conceptual clarity, the Atiyah-Floer conjecture is notoriously difficult. The moduli space M, is
typically singular, noncompact, and fails to be monotone. On the gauge-theoretic side, reducible connections and
bubbling phenomena complicate transversality. Establishing a direct correspondence between ASD instantons
and pseudo-holomorphic curves requires controlling adiabatic limits, boundary conditions, and compactness
simultaneously. These difficulties explain why the conjecture has resisted a complete proof for several decades,
while nevertheless inspiring vast developments on both sides of the gauge-symplectic divide.

In recent years, significant progress has been made toward a rigorous formulation of the Atiyah-Floer
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correspondence. Notably, work of Daemi et al. (2021) has introduced new analytical frameworks that bridge
instanton Floer theory and Lagrangian Floer theory via higher categorical and A_-theoretic structures. While a
complete proof of the Atiyah-Floer conjecture in full generality remains open, these developments strongly
suggest that the conjecture is correct at a structural level. They also clarify the precise sense in which gauge
theory in four dimensions controls symplectic topology in two dimensions.

The Atiyah-Floer conjecture occupies a central position in the applications of gauge theory to low
dimensional topology. It provides a conceptual bridge between Donaldson-Floer theory, symplectic geometry,
and, ultimately, mirror symmetry. It exemplifies how ideas originating in Yang-Mills theory continue to generate
deep connections across dimensions and disciplines, reinforcing the unifying legacy of gauge theory in
mathematics.

4.3 Dimensional reductions of ASD Yang-Mills: monopoles and Hitchin systems, and their roles in 2D/3D
mirror symmetry

A striking feature of four-dimensional Yang-Mills theory is that several of its most important geometric
structures in lower dimensions arise as dimensional reductions of the anti-self-dual (ASD) equation

F;=0 ona4-manifold.
Two reductions are particularly foundational: the reduction to magnetic monopoles in three dimensions and the
reduction to Hitchin's equations on a Riemann surface. Both yield elliptic moduli problems with hyperkahler
geometry and both reappear naturally in modern duality and mirror symmetry.

Reduction to three-dimensional magnetic monopoles (Bogomolny equations) Consider the ASD equa-
tions on R* with coordinates («',x?,2°,x*), and impose translation-invariance in the x*-direction. Write the con-

nection on R* as
A=A+ ddx*,

3
where A = ZA, dx’ is a connection on R’ and @ is an adjoint-valued scalar field (interpreted as the x*-component

=
of the 4D connection). Assume d.A = 9 .P = 0.
A direct curvature computation gives
F,=F, +(D,®) N da',
where F, is the curvature of 4 on R* and D,® = d® +[A,®] The ASD equation F, + *..F, = 0 reduces
precisely to the Bogomolny monopole equation (Bogomolny, 1976; Murray,1984) on R*:
F,=%,D,D. (17)

Thus, 3D monopoles are not an additional structure appended to gauge theory; they are literally the shadow
of 4D self-duality under one-dimensional reduction. The moduli space of framed solutions of (17) (with finite-
energy boundary conditions, typically enforced by symmetry breaking) inherits a natural hyperkdhler metric, and
in low charges it admits explicit and remarkable geometry (e. g. the Atiyah-Hitchin metric in charge 2 in Atiyah
etal. (1988)).

This reduction is also the conceptual gateway to the Nahm transform in Nahm(1982): further symmetry
assumptions (or alternative reductions) lead from the monopole equations to the Nahm equations, revealing a
tight link between monopoles, integrable ODE, and algebraic geometry.

Reduction to Hitchin's self-duality equations on a Riemann surface A second fundamental reduction
arises by considering ASD Yang-Mills on a product of two Riemann surfaces. Let C be a compact Riemann sur-
face with local complex coordinate z. Consider ASD connections on X = C x R (or C x T?), and impose transla-
tion-invariance along the R*-directions. Equivalently, write a connection on C x R* as

A=A+ ¢, dx' + ¢, ds’,
where A is a connection on C and ¢ ,,¢, are adjoint-valued scalars. Introduce the complex Higgs field
¢ =(d, —ip,)dz e Q"°(C,ad P),
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and write A = A'* + A*' with 9, the induced (0,1)-operator.

Then the ASD equations reduce to Hitchin's equations (Hitchin, 1987) on C:

FA+[¢>,¢J*] =0, (18)

dp =0. (19)

Here ¢ is the adjoint with respect to a chosen Hermitian metric, and (19) says that ¢ is holomorphic with respect
to the holomorphic structure defined by A*".

The moduli space M ,(C, G) of solutions (A4, ¢) modulo gauge transformations is a hyperkéhler manifold

(with singularities in general), admitting:
* a complex structure in which points correspond to stable Higgs bundles;
* a complex structure in which points correspond to flat G.-connections;
« the Hitchin fibration, an algebraically completely integrable system whose generic fibres are abelian
varieties.
Thus Hitchin's equations provide a canonical meeting point of gauge theory, complex geometry, and integrable
systems.

Appearance in 2D mirror symmetry Hitchin moduli spaces are central examples in modern 2D mirror
symmetry(Hausel et al., 2003). In one direction, M, (C,G) is a hyperkihler manifold and hence supports fami-
lies of 2D N = (4,4) sigma models. Mirror symmetry for such theories is naturally formulated as a hyperkéhler
version of SYZ mirror conjecture(Strominger et al. , 1996): mirror partners are expected to arise by dualising the
(typically torus) fibres of an integrable system.

The Hitchin fibration furnishes precisely such a structure. Roughly speaking, for Langlands-dual groups G
and "G, the Hitchin systems for G and “G have dual abelian fibres over a common base, and this duality underlies
the expectation that the corresponding sigma models are mirror. In this way, Hitchin's reduction of ASD Yang-
Mills provides one of the most geometric realisations of mirror symmetry in a Calabi-Yau setting, with branes in
M, playing the role of the mirror objects.

Appearance in 3D mirror symmetry (monopole moduli and Higgs/Coulomb branches) In three-di-
mensional N = 4 supersymmetric gauge theories, the geometry of moduli spaces is governed by two hyperkihler
manifolds: the Higgs branch and the Coulomb branch (Intriligator et al. ,1996; Hanany et al. , 1997; Borokhov et
al., 2002; Braverman et al. ,2018). A hallmark of 3D mirror symmetry is that it exchanges these branches be-
tween a pair of mirror-dual theories.

From the gauge-theoretic viewpoint, the Coulomb branch is closely tied to monopole configurations and
their moduli: monopole operators, and the associated moduli problems, encode the nonperturbative geometry of
the Coulomb branch. This makes the reduction ASD = Bogomolny monopoles (17) conceptually fundamental
for 3D mirror symmetry.

At the same time, Higgs-branch geometry is typically described by hyperkdhler quotients (moment-map
equations), which are themselves gauge-theoretic in origin. Thus, monopoles and Hitchin-type systems may be
viewed as geometric avatars of the two sides of 3D mirror symmetry: monopole moduli naturally encode
Coulomb data, while Higgs-bundle-type moduli encode Higgs data, and mirror symmetry interchanges these
hyperkéhler geometries.

Dimensional reductions of ASD Yang-Mills provide a unified explanation for why monopole moduli spaces
and Hitchin moduli spaces appear ubiquitously in geometry and physics. They arise as canonical lower-
dimensional shadows of four-dimensional self-duality, and their hyperkéhler geometry makes them natural arenas
for both 2D and 3D mirror symmetry. In this sense, mirror symmetry does not merely coexist with gauge theory;

it is repeatedly generated by the geometric structures that gauge theory creates across dimensions.
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5 From Yang to Baxter: Yang-Baxter, Chern-Simons, and Quantum Groups

Transition from gauge theory to integrability The gauge-theoretic narrative of Sections 4. 1-4. 3 reveals
a recurring theme: the Yang-Mills equations generate rich moduli spaces, and these moduli problems often carry
hidden algebraic structures (symplectic, hyperkdhler, and integrable). A second, equally consequential strand of
Yang's legacy emerges from a different question: when does an interacting many-body system admit exact
factorisation and solvability?

The answer, in both quantum mechanics and statistical mechanics, is governed by the same algebraic
consistency constraint, the Yang-Baxter equation. In the modern viewpoint, this constraint is not isolated: it
reappears geometrically in Chern-Simons theory, where Wilson lines braid, and algebraically in quantum groups,
which provide canonical families of R-matrices. Line and boundary defects in three-dimensional topological
gauge theories make these R-matrices visible as braiding operators, thereby connecting gauge theory to quantum
integrability in a direct and structural way(Witten, 1989).

5.1 Yang: factorised scattering and consistency

The earliest appearance of what is now called the Yang-Baxter equation arose in the work of Yang on one-
dimensional quantum many-body systems with §-function interactions (Yang, 1967,1968). In these papers, Yang
was not seeking an abstract algebraic structure; rather, he was analysing the precise conditions under which an
interacting many-body quantum system admits an exact solution.

One-dimensional scattering and rigidity In one spatial dimension, particles cannot pass each other with-
out interacting. As a consequence, the scattering of /V particles is highly constrained. Yang observed that in cer-
tain special models the full N-body scattering matrix factorises into a product of two-body scattering matrices.
This factorisation is not an approximation but an exact property of the model.

Let V denote the internal state space of a single particle. For particles labelled by i, j, let

S, € End(V®Y)
denote the two-body scattering operator acting nontrivially only on the i-th and j-th tensor factors. Factorised
scattering asserts that the full scattering operator can be written as an ordered product of such S;'s corresponding
to successive pairwise collisions.

Consistency for three particles For V > 3, the same physical scattering process admits multiple decompo-
sitions into two-body scatterings, corresponding to different orderings of collisions. Yang's key insight was that
physical consistency demands that all such factorisations yield the same total scattering operator.

For three particles, this requirement leads to the fundamental condition

S$1,858,; =85,8,5S, onV®. (20)
This equation appears explicitly in Yang's analysis as the necessary and sufficient condition for factorised
scattering to be well defined.

Up to conventional placement of permutation operators (which distinguish between S-matrices and R-
matrices in later formulations), (20) is precisely the quantum Yang-Baxter equation.

What is historically decisive in Yang's work is that the equation (20) emerges as a consistency condition, not
as an algebraic postulate. Local two-body interactions determine global many-body dynamics if and only if this
identity holds. In this sense, the Yang-Baxter equation is born as a principle of coherence: different ways of
assembling local processes must agree.

Yang himself did not pursue the abstract algebraic consequences of this equation. Nevertheless, his
formulation provided the first clear instance in which the Yang-Baxter equation appears as a fundamental
constraint dictated by quantum mechanics.

5.2 Baxter: solvable lattice models and commuting transfer matrices

Independently of Yang's work, a parallel consistency principle emerged in statistical mechanics through the
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work of Rodney Baxter, culminating in his systematic theory of exactly solvable lattice models (Baxter, 1972,
1982). Baxter's approach addressed a different but equally fundamental problem: how to compute
thermodynamic quantities exactly in strongly interacting two-dimensional systems.

Transfer matrices and exact solvability In a two-dimensional lattice model, the central object is the trans-
fer matrix T (u), depending on a spectral parameter u, which encodes the Boltzmann weights of a row (or col-
umn) of the lattice. The partition function of the model is expressed in terms of powers of 7'(u), and exact solv-
ability is achieved if the spectral problem of 7' () can be solved explicitly.

Baxter identified the defining criterion of solvability as the existence of a commuting family of transfer
matrices:

[T(u),T(v)]=0 for all u,v.
This commutativity allows simultaneous diagonalisation and leads to functional relations governing the spectrum.

Local relations and the star-triangle equation The commutativity of transfer matrices is guaranteed by a
local identity among Boltzmann weights, known classically as the star-triangle relation. Baxter showed that this
local relation is the fundamental algebraic mechanism underlying solvability.

In modern language, the star-triangle relation is equivalent to the Yang-Baxter equation for an R-matrix

R(u)e End(V ® V),
namely
Ry(u—=v)R(u—-w)Ry(v—w)=Ry(v —w)R;(u—-w)R,(u-1), (21)
an identity in End (V®3 ) Baxter did not merely recognise this equation; he used it as a constructive tool.

Baxter's decisive contribution was to elevate the Yang-Baxter equation from a consistency condition to a
systematic framework. Starting from an R-matrix satisfying (21), one constructs:

* monodromy matrices,

* commuting transfer matrices,

* functional relations and Bethe-type equations,
from which exact physical quantities can be derived.

Thus, while Yang encountered the Yang-Baxter equation as a constraint emerging from quantum scattering,
Baxter transformed it into the organising principle of integrable statistical mechanics.

The intellectual unity between Yang and Baxter lies in their shared insistence on consistency. For Yang,
consistency of multi-particle scattering enforces factorisation. For Baxter, consistency of local Boltzmann
weights enforces commutativity and exact solvability. In both cases, local rules determine global structure, and
the Yang-Baxter equation is the algebraic expression of that principle.

Baxter's construction reveals a crucial shift in perspective. Once the Yang-Baxter equation is understood as
the local condition guaranteeing the commutativity of transfer matrices, it becomes clear that the equation
controls not merely solvability, but the consistent reordering of interactions. In this sense, the Yang-Baxter
equation encodes the algebraic rules for exchanging neighbouring degrees of freedom. Abstracting away from
the specific lattice model, these exchange rules acquire a topological meaning: they define representations of the
braid group. The passage from solvable models to braiding is therefore not an additional structure but a natural
categorical and topological reformulation of the same consistency principle.

5.3 Braids and quantum groups: Drinfeld and Jimbo

By the early 1980s, the Yang-Baxter equation had appeared independently in one-dimensional scattering
theory and in exactly solvable lattice models. The next decisive step was to recognise that this equation defines
an abstract algebraic structure governing the consistent exchange of degrees of freedom. This insight emerged
through the pioneering work of Jimbo(1985) and Drinfeld(1988) who independently introduced what are now
called quantum groups.

Let R € End(V ® V)be an invertible solution of the Yang-Baxter equation
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R,R R, = RyyR5R,, in End(V®?).
Define R = P © R, where P is the permutation operator on V &@ V. Then the operators

v

o. =R,

satisfy the braid relations
T.0,,,0,=0,,,0:0,,, 0.0,= 0,0, (‘i—j‘?Z),
and hence define a representation of the braid group B, on V",

This observation, implicit in earlier work, made explicit the topological content of the Yang-Baxter equation:
it governs the consistent exchange of labels along braids. The equation thus acquires an interpretation as a
coherence condition for braiding, independent of any particular physical model.

Drinfeld-Jimbo quantum groups Drinfeld and Jimbo independently discovered that solutions of the
Yang-Baxter equation arise systematically from certain Hopf algebra deformations of universal enveloping alge-
bras of semisimple Lie algebras. For a complex semisimple Lie algebra g, they introduced a ¢-deformation
U,,(g), generated by elements £, F;, K;"' subject to g-deformed relations.

Drinfeld identified the essential structural feature as quasi-triangularity: the existence of a universal R-matrix

Re U,(z) ® U,(g)
satisfying

RA(x)R' = A*(x),
together with compatibility identities implying the universal Yang-Baxter equation. Upon evaluation in
representations, R produces concrete R-matrices solving the Yang-Baxter equation. Jimbo's work emphasised the
representation-theoretic consequences, constructing explicit R-matrices associated with affine Lie algebras and
integrable models. Together, these works established quantum groups as the natural algebraic framework
underlying Yang-Baxter structures.

What distinguishes the Drinfeld-Jimbo construction is that the Yang-Baxter equation is no longer an isolated
identity. It is encoded in the axioms of a Hopf algebra deformation, and braid group actions arise functorially on
tensor products of representations. Thus, the consistency principle first encountered by Yang and Baxter becomes
internalised as algebraic structure. In this way, quantum groups mediate between integrable models,
representation theory, and topology, preparing the ground for a geometric interpretation of braiding.

5.4 Chern-Simons gauge theory and the Jones polynomial: Witten's synthesis

The decisive geometric synthesis of the Yang-Baxter equation, braid groups, and knot invariants was
achieved by Witten(1989). In this work, Witten showed that the Jones polynomial and its generalisations arise
naturally from the quantisation of three-dimensional Chern-Simons gauge theory. This result provided a
profound bridge between quantum gauge theory, topology, and the algebraic structures discovered by Jones,
Drinfeld, and Jimbo.

Chern-Simons theory as a topological gauge theory Let Y be a closed oriented three-manifold and let G
be a compact, simple Lie group. For a connection A on a principal G-bundle over Y, the Chern-Simons functional
is defined by

SCS(A):ﬁTJYTr(A/\dA+§A/\A/\A , (22)

where k € Z is the level. Although (22) is not strictly gauge-invariant, its exponential eXp(iSCS) is invariant under
all gauge transformations provided £ is integral.
A central feature of Chern-Simons theory is that it is independent of any choice of metric on Y. Its classical
equations of motion,
F,=0,
assert that critical points are flat connections. Thus, the theory is topological in nature, with observables
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depending only on the topology of ¥ and embedded submanifolds.
Wilson loops and knot observables Given an oriented knot or link L C Y and a finite-dimensional repre-
sentation V of G, Witten introduced Wilson loop observables
W,(L)= TrVPexp(fLA), (23)
where P denotes path ordering. Formally, the expectation value
(W,(L)) = f DAV W (L)
defines a topological invariant of the pair (Y, L).

Specialising to ¥ = §°, G = SU(2), and V the fundamental representation, Witten showed that (W,(L))
coincides with the Jones polynomial of L, evaluated at a root of unity determined by the level k&. More generally,
other choices of G and V yield the HOMFLY-PT and Kauffman polynomials.

Braiding, monodromy, and the Yang-Baxter equation A key insight of Witten's construction is that knot
invariance arises from the topology of Wilson line worldlines in three dimensions. When two Wilson lines are ex-
changed, the corresponding operators undergo a nontrivial transformation on the quantum theory. Consistency of
multiple exchanges requires that these transformations satisty the braid relations.

In the operator formalism, this braiding is governed by an R-matrix acting on tensor products of
representations. The associativity of braiding for three Wilson lines is encoded precisely by the Yang-Baxter
equation. Thus, the Yang-Baxter relation appears not as an abstract algebraic identity, but as the condition
ensuring topological invariance of Wilson line correlators under isotopy.

Relation to quantum groups Witten further observed that the algebraic structure controlling these braid-
ings is the representation theory of quantum groups at roots of unity. The R-matrix governing the exchange of
Wilson lines coincides with the R-matrix obtained from the Drinfeld-Jimbo quantum group U ,,(g), with

2mi
k+h' )

q=eXp(

where h" is the dual Coxeter number of .

From this perspective, quantum groups arise as effective symmetry algebras of Chern-Simons theory. The
Jones polynomial is no longer an isolated combinatorial invariant, but a manifestation of quantum gauge
symmetry.

Canonical quantisation and conformal field theory Witten also analysed Chern-Simons theory via ca-
nonical quantisation. When Y = 3 x R, with 3 a Riemann surface, the Hilbert space of the theory is identified
with the space of conformal blocks of the associated Wess-Zumino-Witten (WZW) model on 3. In this frame-
work, Wilson lines correspond to primary fields, and braiding is realised through the monodromy of conformal
blocks.

This connection explains the deep relationship between knot invariants, two-dimensional conformal field
theory, and affine Lie algebras, and provides another route through which the Yang-Baxter equation enters the
theory.

Witten's work completed the transition from algebra to geometry. What had appeared in Yang's work as a
consistency condition for scattering, and in Baxter's work as the criterion for exact solvability, was revealed to be
a topological statement about the braiding of worldlines in three dimensions. Chern-Simons theory thus provides
a geometric origin for the Jones polynomial and for quantum group symmetries. Witten's interpretation of the
Jones polynomial through Chern-Simons gauge theory marks a conceptual turning point. The Yang-Baxter
equation, first encountered as a consistency condition in scattering theory and later as an algebraic identity in
integrable models, is here realised as a topological constraint governing the braiding of Wilson lines. In this
formulation, algebraic objects such as R-matrices and quantum groups are no longer auxiliary constructions, but

effective symmetries emerging from gauge theory itself. Once this geometric origin is recognised, it becomes
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natural to ask how Yang-Baxter structures persist beyond three-dimensional topology, how they reappear in
higher-dimensional gauge theory, enumerative geometry, and string theory. The developments that follow may be
viewed as answers to this question: they trace the continued life of Yang's and Baxter's consistency principles in

modern mathematics.

6 Modern Developments: Yang-Baxter Structures from Geometry to Quantum Field
Theory

The geometric reinterpretation of the Yang-Baxter equation initiated by Chern-Simons theory did not mark
an endpoint, but rather the beginning of a new phase. In modern mathematical physics, Yang-Baxter structures
reappear in unexpected settings: in the geometry of magnetic monopoles, in quantum cohomology and
enumerative geometry, and ultimately in the foundational questions surrounding four-dimensional quantum gauge
theory. We review three representative developments that illustrate this evolution.

6.1 Atiyah: magnetic monopoles and the Yang-Baxter equation

A striking geometric bridge between Yang-Mills theory and the Yang-Baxter equation was proposed by
Atiyah(1991). Atiyah's observation is that solutions of the Yang-Baxter equation may be encoded geometrically
in the moduli space of magnetic monopoles.

Consider SU(2) Bogomolny monopoles on R?,

F,=*D,®,
with finite energy. Such monopoles are classified by an integer magnetic charge k£ and admit a twistor-theoretic
description via spectral curves (Hitchin, 1982). Specifically, to a charge-k monopole one associates an algebraic
curve C C T'IP', satisfying reality conditions and degree constraints.

Atiyah emphasised that these spectral curves are not arbitrary. They satisfy additional symmetry and
factorisation properties closely resembling those that arise in integrable systems.

Atiyah proposed that certain families of monopole spectral curves give rise to solutions of the Yang-Baxter
equation. He interpreted the Yang-Baxter relation as expressing the compatibility of different ways of composing
monopoles, much as it expresses the compatibility of different factorizations in scattering theory.

In this picture, the Yang-Baxter equation governs the geometry of monopole moduli spaces rather than
algebraic operators. It becomes a condition on how spectral data glue together, reflecting the integrability hidden
within the Bogomolny equations.

Although exploratory in nature, Atiyah's work was conceptually inspiring: it suggested that Yang-Baxter
equations arise naturally from classical gauge theory, without invoking quantum groups or lattice models. This
insight foreshadowed later developments linking gauge theory, integrable systems, and enumerative geometry.

6.2 Maulik-Okounkov: quantum groups and quantum cohomology

A major advance in the modern understanding of Yang-Baxter structures occurred with the work of Maulik
and Okounkov, who established a deep connection between quantum groups and quantum cohomology(Maulik et
al., 2012).

Let X be a holomorphic symplectic variety, such as a Nakajima quiver variety. Its equivariant quantum
cohomology ring QOH,( X ) encodes enumerative data of rational curves in X. Maulik and Okounkov showed that
quantum multiplication operators define a flat connection (the quantum connection) whose monodromy yields
representations of quantum groups.

A central construction in their theory is that of stable envelopes, which depend on a choice of chamber in
equivariant parameter space. Comparing stable envelopes for different chambers produces canonical R-matrices,

R e End(H,(X) ® Hy(X)),
which satisfy the Yang-Baxter equation. In this way, Yang-Baxter structures arise from purely geometric data.

Quantum groups appear not as abstract algebraic deformations, but as symmetries governing enumerative
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geometry.

This work revealed that the Yang-Baxter equation is a universal compatibility condition for wall-crossing
phenomena in geometry. It controls how enumerative invariants transform under changes of stability conditions,
echoing Yang's original principle of consistency across different factorizations.

6.3 Quantum Yang-Mills theory and the Clay Millennium problem

The enduring depth of Yang-Mills theory is perhaps most clearly reflected in its appearance as one of the
Millennium Prize Problems of Clay Mathematics Institute (Jaffe et al., 2022). While the classical Yang-Mills
equations and their moduli spaces have reshaped geometry and topology, the quantum theory remains
mathematically incomplete, despite its central role in modern physics.

Statement of the Millennium Prize Problem: The Clay problem asks for a rigorous construction of four-
dimensional quantum Yang-Mills theory with compact gauge group G (such as SU (N )), together with a proof of
the mass gap: the existence of a positive lower bound on the spectrum of excitations above the vacuum. More
precisely, one seeks a mathematically well-defined quantum field theory satisfying the standard axioms (or an
accepted equivalent framework), whose correlation functions and energy spectrum exhibit confinement and mass
generation consistent with physical expectations.

From the classical standpoint, Yang-Mills theory is exceptionally rigid. Its gauge symmetry, variational
structure, and elliptic reductions lead to rich and well-understood moduli problems. In four dimensions, anti-self-
dual solutions yield finite-dimensional moduli spaces whose topology encodes subtle information about smooth
manifolds. The quantum theory, however, introduces fundamentally new difficulties. Ultraviolet divergences,
nonperturbative effects, and the infinite-dimensional nature of the configuration space continue to challenge
existing mathematical frameworks. While perturbative renormalisation is well understood, it does not suffice to
define the theory nonperturbatively or to establish the mass gap.

The mass gap problem is deeply geometric in nature. Physically, it reflects confinement and the absence of
long-range gauge excitations; mathematically, it is tied to the behaviour of the Yang-Mills measure on the space
of connections modulo gauge transformations. Despite the success of symmetry breaking mechanisms in
electroweak theory, pure Yang-Mills theory is believed to generate a mass scale dynamically without scalar fields
a phenomenon that remains beyond current rigorous methods. Notably, many of the structures discussed earlier
in this article—instantons, monopoles, Chern-Simons theory, and Yang-Baxter integrability, arise as controlled or
lower-dimensional limits of the full quantum theory. They provide valuable insights, yet a complete synthesis
capable of resolving the four-dimensional quantum problem has not yet emerged.

Taken together, these advances demonstrate that the Yang-Baxter equation and quantum groups continue to
generate new mathematics well beyond their original contexts. They now appear as structural constraints
governing topology, geometry, and quantisation across dimensions. From this vantage point, the contributions of

Yang and Baxter are not confined to a historical chapter but remain active forces shaping contemporary research.

7 Epilogue: From Symmetry to Mathematical Unity

The legacies of Chen-Ning Yang and Rodney Baxter define a remarkable arc in modern mathematical
physics. Although their work emerged from different problems—Yang from gauge symmetry, Baxter from
integrable models—it is unified by a shared principle: that local consistency, when imposed without compromise,
determines global structure.

Yang's introduction of non-abelian gauge theory placed symmetry at the foundation of fundamental
interactions. The early obstruction posed by mass did not weaken this principle, but instead forced deeper
developments, leading to spontaneous symmetry breaking, renormalisability, and the geometric theory of
connections, instantons, and monopoles. What began as a physical postulate evolved into a framework that

reshaped geometry itself.
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Baxter's work followed an equally rigorous path. In exactly solvable models, consistency was not an
esthetic guide, but a defining requirement. The Yang-Baxter equation, elevated from a constraint to a
methodology, revealed integrability as a rigid and far-reaching mathematical structure. Gauge theory and
integrability intersect in quantum groups, Chern-Simons theory, and the geometry of moduli spaces, where the
Yang - Baxter equation reappears as a geometric and topological condition. The enduring influence of Yang and
Baxter lies not only in the theories they created, but in the standard they set. Their work reminds us that insisting

on coherence, even in the face of apparent incompleteness, is often what opens the deepest mathematical paths.
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