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Equilibrium finite element method and strict error estimation

for finite-slip contact problems

Zhu Hengshen, Zheng Qisheng, Wang Li
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Abstract: This paper proposes an interface-traction-based equilibrium finite element method combined
with dual analysis theory to achieve high-precision stress solutions and strict a posteriori error
estimation for finite sliding contact problems. First, the principle of minimum complementary energy
for contact problems is derived within the framework of finite sliding. By introducing contact
constraints, the problem is transformed into a quadratic programming problem. Subsequently, an
traction-based equilibrium element is constructed using the macro-element technique and substituted
into the principle of minimum complementary energy. Consequently, a high-precision equilibrium
stress field that strictly satisfies the equilibrium equations is obtained. By combining the equilibrium
stress field obtained from this method with the compatible displacement field from standard finite
elements, the constitutive relation error (CRE) for contact problems can be derived and calculated. It
is proven that this CRE serves as a strict upper bound for the discretization error. Finally, the proposed
method is numerically verified through typical multi-body contact benchmarks, demonstrating its
effectiveness in terms of solution accuracy, convergence, and discretization error estimation.
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Fig.1 A contact mechanics model for

two deformable elastic bodies
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Fig. 2 The traction-equilibrium-based element for contact

interface discretization
BATTI L b (T g ER i g A TR R fi
PEATEE PRI {H (Wang et al., 2015) .
(%) =y (2)ty_ + Gp(x)ty =P {1},
Ay (2) =y (x)Ay_ + dp(x)Ay, xel), (6)
(o) =[ey s 6, AR LW I (0 18T A F

xel’), (5)



78 iRz (HARHERR H3E30)

%65 4

(DOFs) ,{ A}, =[ Ay 5 Ay MR 1T 0 14 42 fih 7
FHE, @ =[d,1,; b1, fUERLVERMEMRE, 1,1
F—A2 x 2 PSR
XFF—A AT e, Hili 1 0 Ry 71 T LA Eos
N g, = iy, R RER E N (o)) =251, 051,
CEZ
L, m =1
{tfy =T/ {e}, T/ = (0 —12)’
-1, 0
UL, A 7 I B v B TE ) A R B BT I R
PRI A R SRRk
{e}=[{t}, LeB; (A}, leB],
{tha =TeY, T =diag(T, T;, T;).

TR B AR B e x oy T A

T1 K5 AR 0, G HHE A (5)FI(6) , K
H VA 25 S R IR A

Clt), ,=CT{ty=0, eecE=C{t}=0,(7)

Horp C IRl 3 A IT N CoTe 42 15 21 i 4R AR 2 R
FEE, C & —> 3x12 BYFERE , X 1T 3 APl 20 3
FA o SR I 7 148 1 1 R TG T i AR 67 RS A
Ao RHZ ¥ It H R (Macro-element technique ) 75
B i (B AL AR TG 51 AL a5 ¥ = A BT i —
R0 R 3T =M MR T = AIE T i
28 1 1137 (Zheng et al., 2023) . 8 X Fh =,
AT DAAS 20 TC i B B B 1)~ B 5T, L T35 m]
HI T ) R A (A5 3 -
o = Bi(x) {1 = B (2) {1}, (8)

Hr B (x) = B (x)T X ITHIN T %R
2.2 FEAERTEREBEMGE S

W PR ) ¢, #EST T O LS Y o, R i
T 25 iy A B PRI R S R
g4 3 (3) (8 ) B2 fish [ T Ay A i IR B S oy

I () =2 a,(0,0,)

_fr no,u,dl’ - fr (A, - gapy)dl’

n; =-1.

(9)
S Jl‘ ®'u,dl

A PR A, { gap, ) AU B ) 6, o fU3R
HEE T B RN IITE KA, &) D, P, N
K(S)F6) L R gL . 2 (9) B4 g )5 AR F4 finh
() T ST 5 B DR IE AL 38 (4 10 ) 3 2 P ), D
W2 A VA S T et SRR (2.1 IER)
FTH 3~ 2 (FEC (7)) i) o

VLT 1A B K T 7l e Neumann i1 AL 454, #5
Neumann 5 T8 7 ¢, 7E0 A TR, W {1},
AL FE A FTE ) s A e, s AR MR, R X
(10) AT LA B (Wang et al., 2014).

-1
{t}lz{frdifdi,dr} frqs}z,,dr, le B, (10)

e VG e SR kDS LIS B LS
A
{e), =T {2}, (A}, <0, 1eB,.. (11)
Nk, R H 8- Bt (NTS, node-to-segment) 2
fil #5750 (Hallquist et al., 1985 ; Wang et al.,2025) 581
2 fl 22 SR B It 0 o 2R AR X fh A T D A 2 UL
AT BRI (BRAZE4E,2018) B A AN ] 3 T

3 NTS i A
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Fig.4 Program framework of the equilibrium element method
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Fig. 5 Contact model of two cantilever beams
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